LOOKING FOR
STRUCTURE

To be proficient in math,
you need to look closely
to discern a pattern or
structure.

>

Dilations

Eggenﬂa' Quegﬁon What does it mean to dilate a figure?

1 Re LV NI[ol'ME Dilating a Triangle in a Coordinate Plane

Work with a partner. Use dynamic geometry software to draw any triangle and label
it AABC.

a. Dilate AABC using a scale factor of 2 and a center of dilation at the origin to form
AA'B'C’. Compare the coordinates, side lengths, and angle measures of AABC
and AA'B'C’.

( 1

o]

Sample

Points

54 A2, 1)

B(1, 3)

C(@, 2)

B Segments

AB =224

A’ BC =2.24
AC =141

A Angles

mZA = 71.57°
m«ZB = 36.87°
m«C = 71.57°

. J

b. Repeat part (a) using a scale factor of %

¢. What do the results of parts (a) and (b) suggest about the coordinates, side lengths,
and angle measures of the image of AABC after a dilation with a scale factor of k?

N NI[el/ P8 Dilating Lines in a Coordinate Plane

Work with a partner. Use dynamic geometry software to draw AB that passes
through the origin and AC that does not pass through the origin.

a. Dilate AB using a scale factor (< N
of 3 and a center of dilation at A
the origin. Describe the image.

b. Dilate AC using a scale factor
of 3 and a center of dilation at
the origin. Describe the image.

c. Repeat parts (a) and (b) using a
scale factor of %.

d. What do you notice about
dilations of lines passing
through the center of dilation p -

and dilations of lines not passing Sample Points Lines

through the center of dilation? A(-2,2) x+y=0
B(0,0) x+2y=2
C(2,0)

Communicate Your Answer

3. What does it mean to dilate a figure?

4. Repeat Exploration 1 using a center of dilation at a point other than the origin.
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8.1 Lesson

Core Vocabulary.

dilation, p. 462
center of dilation, p. 462

What You Will Learn

P Identify and perform dilations.
P Solve real-life problems involving scale factors and dilations.

Identifying and Performing Dilations

le factor, p. 462
Zﬁaigzxﬁfp. 462 Cﬁ Core Concep’r

reduction, p. 462

READING

The scale factor of a
dilation can be written
as a fraction, decimal,

or percent. {>
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Dilations

A dilation is a transformation in which a figure is enlarged or reduced with respect
to a fixed point C called the center of dilation and a scale factor k, which is the
ratio of the lengths of the corresponding sides of the image and the preimage.

A dilation with center of dilation C and scale factor kK maps every point P in a
figure to a point P’ so that the following are true.

o If P is the center point C, then P = P’. P

P
e If Pis not the center point C, then the image C ‘A’
point P’ lies on CP. The scale factor k is a V’ )
y CP' R Q
positive number such that k = P

Rr

* Angle measures are preserved.

\_

A dilation does not change any line that passes through the center of dilation. A
dilation maps a line that does not pass through the center of dilation to a parallel line.

In the figure above, PR | P'R’, PO | P'Q’, and OR | O'R’.

When the scale factor k > 1, a dilation is an enlargement. When 0 < k < 1, a dilation
is a reduction.

F NN Identifying Dilations

Find the scale factor of the dilation. Then tell whether the dilation is a reduction or
an enlargement.

a.

C
SOLUTION
a. Because P _ 182’ the scale factor is k = % So, the dilation is an enlargement.
b. Because CC]; = %, the scale factor is k = % So, the dilation is a reduction.

Monitoring Progress ‘ﬁj’ Help in English and Spanish at BigldeasMath.com

1. In adilation, CP’ = 3 and CP = 12. Find the scale factor. Then tell whether the
dilation is a reduction or an enlargement.




READING
DIAGRAMS

In this chapter, for all
of the dilations in the
coordinate plane, the
center of dilation is
the origin unless

— otherwise noted.

>

G Core Concept

Coordinate Rule for Dilations

If P(x, y) is the preimage of a point, then its image oF '(kx, ky)

y
after a dilation centered at the origin (0, 0) with //
scale factor k is the point P’ (kx, ky).

p ( ky ) /‘ P( X, y)

/
<€ >
Y X

(x, y) = (kx, ky)

\.

NI Dilating a Figure in the Coordinate Plane

Graph AABC with vertices A(2, 1), B(4, 1), and C(4, —1) and its image after a
dilation with a scale factor of 2.

SOLUTION
Use the coordinate rule for a dilation with Ay
k = 2 to find the coordinates of the vertices A’ B
of the image. Then graph AABC and its image. = | 2 A N
(x,y) — (2x, 2y) < ; . >
X
A2, 1) > A'4,2) c
B(4, 1) - B'(8,2) ik c
Ccé4,—1)—>C'(8,—2) Y

Notice the relationships between the lengths and slopes of the sides of the triangles in
Example 2. Each side length of AA'B’C’ is longer than its corresponding side by the
scale factor. The corresponding sides are parallel because their slopes are the same.

FENILMRIEN Dilating a Figure in the Coordinate Plane

Graph quadrilateral KLMN with vertices K(—3, 6), L(0, 6), M(3, 3), and N(—3, —3)
and its image after a dilation with a scale factor of %

SOLUTION

Use the coordinate rule for a dilation with k = % to K LAY
find the coordinates of the vertices of the image.
Then graph quadrilateral KLMN and its image.

x,) = (2%, 1y) k|
K(=3,6) > K'(~1,2)
L0, 6) = L'(0, 2)
M3, 3) - M'(1, 1) N’
N(=3, =3) > N'(=1, —1)

A
xY

N Y
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Graph APQR and its image after a dilation with scale factor k.

2. P(—2,-1),0(—1,0),R0O, —1); k=4
3. P(5, —5), O(10, =5), R(10, 5); k = 0.4
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Step 1

C

R

Draw a triangle Draw APQR and
choose the center of the dilation C
outside the triangle. Draw rays from

C through the vertices of the triangle.

AY

scale factor k

preimage

3>

A

\

scale factor —k
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el byE{simElel'l Constructing a Dilation

Use a compass and straightedge to construct a dilation of APQR with a scale factor
of 2. Use a point C outside the triangle as the center of dilation.

SOLUTION

Step 2 Step 3

Use a compass Use a compass to Connect points Connect points
locate P’ on CP so that CP' = 2(CP). P’, Q', and R’ to form AP'Q'R’.
Locate Q" and R’ using the same

method.

In the coordinate plane, you can have scale factors that are negative numbers. When
this occurs, the figure rotates 180°. So, when k > 0, a dilation with a scale factor of
—k is the same as the composition of a dilation with a scale factor of k followed by a
rotation of 180° about the center of dilation. Using the coordinate rules for a dilation
and a rotation of 180°, you can think of the notation as

(X, Y) — (/(X. k\') — (_kx’ _ky)

HONUIIRIE Using a Negative Scale Factor

Graph AFGH with vertices F(—4, —2), G(—2, 4), and H(—2, —2) and its image
after a dilation with a scale factor of —%.

SOLUTION

Use the coordinate rule for a dilation with k = —% to find the coordinates of the
vertices of the image. Then graph AFGH and its image.

@,y > (15 —3y) Y
F(—4,-2)—> F'(2,1)
G(=2,4) > G'(1, =2) TR
H(=2,—-2)—> H'(1,1)

| 4
I
™~
™~
N
IN
xY

Y
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4. Graph APQR with vertices P(1, 2), O(3, 1), and R(1, —3) and its image after a
dilation with a scale factor of —2.

5. Suppose a figure containing the origin is dilated. Explain why the corresponding
point in the image of the figure is also the origin.




READING

Scale factors are written
so that the units in
the numerator and
denominator divide out.

Solving Real-Life Problems

FENILIEN Finding a Scale Factor

You are making your own photo stickers.
Your photo is 4 inches by 4 inches. The image
on the stickers is 1.1 inches by 1.1 inches.
What is the scale factor of this dilation?

4in.

SOLUTION

The scale factor is the ratio of a side
length of the sticker image to a side

length of the original photo, or 141, -
in.

Llin 50

od

} So, in simplest form, the scale factor is %

FENILRRN Finding the Length of an Image

You are using a magnifying glass that shows the =
image of an object that is six times the object’s -
actual size. Determine the length of the image

of the spider seen through the magnifying glass.

SOLUTION |
I
image length _ 1.5cm
actual length
x
—_— 6
1.5
x=9

P So, the image length through the magnifying glass is 9 centimeters.
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6. An optometrist dilates the pupils of a patient’s eyes to get a better look at the back
of the eyes. A pupil dilates from 4.5 millimeters to 8 millimeters. What is the scale
factor of this dilation?

7. The image of a spider seen through the magnifying glass in Example 6 is shown at
the left. Find the actual length of the spider.

When a transformation, such as a dilation, changes the shape or size of a figure, the
transformation is nonrigid. In addition to dilations, there are many possible nonrigid
transformations. Two examples are shown below. It is important to pay close attention
to whether a nonrigid transformation preserves lengths and angle measures.

Horizontal Stretch Vertical Stretch
A A’

A
C B B’

C B
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EXxercises

—Vocabulary and Core Concept Check

1. COMPLETE THE SENTENCE If P(x, y) is the preimage of a point, then its image after a dilation
centered at the origin (0, 0) with scale factor k is the point .

2. WHICH ONE DOESN'T BELONG? Which scale factor does not belong with the other three? Explain
your reasoning.

% 60% 115% 2

Monitoring Progress and Modeling with Mathematics

In Exercises 3-6, find the scale factor of the dilation. CONSTRUCTION In Exercises 11-14, copy the diagram.
Then tell whether the dilation is a reduction or an Then use a compass and straightedge to construct a
enlargement. (See Example 1.) dilation of quadrilateral RSTU with the given center

and scale factor k.

3. 4,
14/\ ’ %‘ R
\/ P’ C
6 9
¢ P 24P/\
— N e
°p
5. 6. P’
cx(8 U T
15 11. CenterC, k=3 12. Center P,k =2

13. Center R, k = 0.25 14. Center C, k= 75%

In Exercises 15-18, graph the polygon and its image after
CONSTRUCTION In Exercises 7-10, copy the diagram. a dilation with scale factor k. (See Examples 2 and 3.)
Then use a compass and straightedge to construct

a dilation of ALMN with the given center and scale 15. X(6, 1), ¥(=2, =4), Z(1, 2); k = 3

factor k.
16. A(0,5), B(—10, —5), C(5, —5); k = 120%
oc L 2
17. 109, =3), U(6,0), V(3,9), W(0, 0); k = 3
M 18. J(4,0), K(—8, 4), L(0, —4), M(12, —8); k = 0.25
In Exercises 19-22, graph the polygon and its image
N after a dilation with scale factor k. (See Example 4.)
7. Center C k=2 19. B(—5, —10), C(—10, 15), D(0, 5); k = —+
8. Center P,k =3 20. L(0,0),M(—4,1),N(—3, —6); k= —3
9. Center M, k = % 21. R(—7,—1),82,5), T(—2, —=3), U(—3, —3); k= —4
10. Center C, k = 25% 22. W(8, —2), X(6,0), Y(—6,4), Z(—2,2); k= —0.5
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ERROR ANALYSIS In Exercises 23 and 24, describe
and correct the error in finding the scale factor of
the dilation.

24,

X 4
P'(=4, 2)
P20 ¢=2
_ 2 . 4
[-6 [4 x
1 =1
> 2
™

In Exercises 25-28, the red figure is the image of the
blue figure after a dilation with center C. Find the
scale factor of the dilation. Then find the value of
the variable.

27.

29.

30.

f\zs\,

14 c
15
12

28. C

FINDING A SCALE FACTOR You receive wallet-sized
photos of your school picture. The photo is

2.5 inches by 3.5 inches. You decide to dilate the
photo to 5 inches by 7 inches at the store. What is the
scale factor of this dilation? (See Example 5.)

FINDING A SCALE FACTOR Your visually impaired
friend asked you to enlarge your notes from class so
he can study. You took notes on 8.5-inch by 11-inch
paper. The enlarged copy has a smaller side with

a length of 10 inches. What is the scale factor of
this dilation?

In Exercises 31-34, you are using a magnifying glass.
Use the length of the insect and the magnification level
to determine the length of the image seen through the
magnifying glass. (See Example 6.)

31.

33.

35.

36.

37.

emperor moth
Magnification: 5X

32. ladybug
Magnification: 10X

= ’ ﬂl
, e .

=
' 60 mm ' 4.5 mm
dragonfly 34. carpenter ant

Magnification: 20X Magnification: 15X

47 mm

ANALYZING RELATIONSHIPS Use the given actual
and magnified lengths to determine which of the
following insects were looked at using the same
magnifying glass. Explain your reasoning.

black beetle
Actual: 0.6 in.
Magnified: 4.2 in.

grasshopper
Actual: 2 in.
Magnified: 15 in.

honeybee monarch butterfly

Actual: 3.9 in.
Magnified: 29.25 in.

Actual: % in.

Magnified: % in.

THOUGHT PROVOKING Draw AABC and AA'B'C’ so
that AA'B'C’ is a dilation of AABC. Find the center
of dilation and explain how you found it.

REASONING Your friend prints a 4-inch by 6-inch
photo for you from the school dance. All you have is
an 8-inch by 10-inch frame. Can you dilate the photo
to fit the frame? Explain your reasoning.
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38. HOW DO YOU SEE IT? Point C is the center of
dilation of the images. The scale factor is % Which
figure is the original figure? Which figure is the
dilated figure? Explain your reasoning.

*.c

39. MATHEMATICAL CONNECTIONS The larger triangle
is a dilation of the smaller triangle. Find the values of
x and y.

(3y — 34y

2x + 8

(y+16)0 }X+1

~2

6

T

40. WRITING Explain why a scale factor of 2 is the same
as 200%.

In Exercises 41-44, determine whether the dilated
figure or the original figure is closer to the center of

dilation. Use the given location of the center of dilation
and scale factor k.

41. Center of dilation: inside the figure; k = 3
42. Center of dilation: inside the figure; k = %
43. Center of dilation: outside the figure; k = 120%

44, Center of dilation: outside the figure; k = 0.1

45.

46.

47.

48.

49,

50.

51.

ANALYZING RELATIONSHIPS Dilate the line through
0(0, 0) and A(1, 2) using a scale factor of 2.

a. What do you notice about the lengths of O'A’
and OA?

b. What do you notice about O'A" and 0A?

ANALYZING RELATIONSHIPS Dilate the line through
A(0, 1) and B(1, 2) using a scale factor of %

a. What do you notice about the lengths of A'B’
andAB?

b. What do you notice about A’B" and AB?

ATTENDING TO PRECISION You are making a
blueprint of your house. You measure the lengths of
the walls of your room to be 11 feet by 12 feet. When
you draw your room on the blueprint, the lengths

of the walls are 8.25 inches by 9 inches. What scale
factor dilates your room to the blueprint?

MAKING AN ARGUMENT Your friend claims that
dilating a figure by 1 is the same as dilating a figure
by —1 because the original figure will not be
enlarged or reduced. Is your friend correct? Explain
your reasoning.

USING STRUCTURE Rectangle WXYZ has vertices
W(=3, —1), X(—3, 3), Y(5, 3), and Z(5, —1).

a. Find the perimeter and area of the rectangle.

b. Dilate the rectangle using a scale factor of 3. Find
the perimeter and area of the dilated rectangle.
Compare with the original rectangle. What do
you notice?

c. Repeat part (b) using a scale factor of %.

d. Make a conjecture for how the perimeter and area
change when a figure is dilated.

REASONING You put a reduction of a page on the
original page. Explain why there is a point that is in
the same place on both pages.

REASONING AABC has vertices A(4, 2), B(4, 6), and
C(7, 2). Find the coordinates of the vertices of the
image after a dilation with center (4, 0) and a scale
factor of 2.

'_Maintaining Mathemafical PrOficiency Reviewing what you learned in previous grades and lessons i

of the image after the translation.

.

The vertices of AABC are A(2, —1), B(0, 4), and C(—3, 5). Find the coordinates of the vertices
(Skills Review Handbook)

52. (x,y) > (x,y—4) 53. (x,)>x—-1,y+3)

55. (x,y) > (x—2,y) 56. (x,y)>x+1,y—2)

54, (x,y) >(x+3,y—1)

57. (x,y) >(x—3,y+1)
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