Equilateral and Isosceles Triangles

Eggenﬂa' Quegﬂon What conjectures can you make about the side

lengths and angle measures of an isosceles triangle?

EXPLORATION 1 Writing a Conjecture about Isosceles Triangles

Work with a partner. Use dynamic geometry software.
a. Construct a circle with a radius of 3 units centered at the origin.

b. Construct AABC so that B and C are on the circle and A is at the origin.

Sample

Points

A(0, 0)

71 B(2.64, 1.42)
C(—1.42,2.64)
Segments
AB =3
AC=3

BC =424
Angles
mZA = 90°
m«ZB = 45°
m«C = 45°

CONSTRUCTING
VIABLE ARGUMENTS

To be proficient in math,
you need to make
conjectures and build a

logical progression of
statements to explore the d. What do you observe about the angles of AABC?

c. Recall that a triangle is isosceles if it has at least two congruent sides. Explain why
AABC is an isosceles triangle.

truth of your conjectures. e. Repeat parts (a)—(d) with several other isosceles triangles using circles of different

. {> radii. Keep track of your observations by copying and completing the table below.
Then write a conjecture about the angle measures of an isosceles triangle.

A B C AB | AC | BC mZA| msZB | m<C

Sample | 1. | (0,0) | (2.64,1.42) |(—1.42,2.64)| 3 3 1424 90° | 45° | 45°

0, 0)

0,0

2
3

4. | (0,0)
5. | (0,0)

f. Write the converse of the conjecture you wrote in part (e). Is the converse true?

Communicate Your Answer

2. What conjectures can you make about the side lengths and angle measures of an
isosceles triangle?

3. How would you prove your conclusion in Exploration 1(e)? in Exploration 1(f)?
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What You Will Learn

P Use the Base Angles Theorem.

P Use isosceles and equilateral triangles.

Core Vocabulary

legs, p. 252 Using the Base Angles Theorem vertex angle
vertex angle, p. 252 A triangle is isosceles when it has at least two congruent

base, p. 252

sides. When an isosceles triangle has exactly two congruent
sides, these two sides are the legs. The angle formed by the
legs is the vertex angle. The third side is the base of the
isosceles triangle. The two angles adjacent to the base are
called base angles.

base angles, p. 252

base

&) Theorems

Theorem 5.6 Base Angles Theorem

If two sides of a triangle are congruent, then the angles A
opposite them are congruent.
IfAB = AC, then /B = /C.

B C

Proof p. 252

Theorem 5.7 Converse of the Base Angles Theorem

If two angles of a triangle are congruent, then the sides a
opposite them are congruent.

If ZB = £C, thenAB =AC.

Proof Ex. 27, p. 275 C

\.

Zi{eloll Base Angles Theorem

Given AB =AC

B
//‘B
Prove /B = ZC A \‘\\I i
C

Plan a. Draw AD so that it bisects ZCAB.

for
Proof b- Use the SAS Congruence Theorem to show that AADB = AADC.

c. Use properties of congruent triangles to show that ZB = ZC.

Plan STATEMENTS REASONS
Acltlilon a. 1. Drawﬁ, the angle | 1. Construction of angle bisector
bisector of ZCAB.
2. LCAD = ZBAD Definition of angle bisector
3. AB=AC Given
4.DA =DA Reflexive Property of Congruence (Thm. 2.1)

b. 5. AADB = AADC SAS Congruence Theorem (Thm. 5.5)

o v A~ W N

c. 6. LB=/C Corresponding parts of congruent triangles

are congruent.
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READING {>

The corollaries state that a
triangle is equilateral if and
only if it is equiangular.

EXAMPLE 1 Using the Base Angles Theorem

In ADEF, DE = DF . Name two congruent angles.

F

SOLUTION

} DE = ﬁ, so by the Base Angles Theorem, LE = ZF.

. - N
Momtormg Progregg *»/ Help in English and Spanish at BigldeasMath.com

Copy and complete the statement.

1. IfHG =HK.then / =, . /\
2. If /KHJ = ZKJH, then =

Recall that an equilateral triangle has three congruent sides.

&) Corollaries

Corollary 5.2 Corollary to the Base Angles Theorem
If a triangle is equilateral, then it is equiangular.
Proof Ex. 37, p. 258; Ex. 10, p. 353

Corollary 5.3 Corollary to the Converse
of the Base Angles Theorem

If a triangle is equiangular, then it is equilateral. B C

Proof Ex. 39, p. 258
L

EXAMPLE 2 Finding Measures in a Triangle

Find the measures of ZP, ZQ, and ZR. P

SOLUTION

The diagram shows that APQR is equilateral. So, by R
the Corollary to the Base Angles Theorem, APQR is
equiangular. So, m£ZP = mZQ = mZR.

3(m«LP) = 180° Triangle Sum Theorem (Theorem 5.1)
mZP = 60° Divide each side by 3.

} The measures of ZP, ZQ, and ZR are all 60°.

P N
Monlformg Progregg ‘D/ Help in English and Spanish at BigldeasMath.com
3. Find the length of ST for the triangle at the left.
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Using Isosceles and Equilateral Triangles

CONSTRUCTION Constructing an Equilateral Triangle

Construct an equilateral triangle that has side lengths congruent toAB. Use a
compass and straightedge.

*r—:e
A B
SOLUTION
Step 1 Step 2 Step 3 Step 4
C
P
A B A B A B A B
Copy a segment COpyA_B. Draw an arc Draw an Draw an arc Draw an arc Draw a triangle_Draw
arc with center A and with center B and radius A_ABC. Because AB and
radius AB. AB. Label the intersection AC are radii of the same
of the arcs from Steps 2 circle, AB = AC. Because
and 3 as C. AB and BC are radii of the

same circle,fﬁ =BC. By
the Transitive Property of
Congruence (Theorem 2.1),
AC =BC. So, AABC'is
equilateral.

EXAMPLE 3 Using Isosceles and Equilateral Triangles

Find the values of x and y in the diagram.

K
4
L
y X+ 1
N M
COMMON ERROR
You cannot use N to refer SOLUTION
to ZLNM because three Step 1 Find the value of y. Because AKLN is equiangular, it is also equilateral and
angles have N as KN =KL. So, y = 4.
their vertex. ) - )
{> Step 2 Find the value of x. Because ZLNM = ZLMN, LN = LM, and ALMN is
isosceles. You also know that LN = 4 because AKLN is equilateral.
LN = LM Definition of congruent segments
4=x+1 Substitute 4 for LN and x + 1 for LM.
3=x Subtract 1 from each side.
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FONRFN Solving a Multi-Step Problem

In the lifeguard tower, PS = Q_R and ZQPS = ZPQR.

a. Explain how to prove that AQPS = APQR.
b. Explain why APQT is isosceles.

COMMON ERROR SOLUTION
When you redraw the a. Draw and label AQPS and APQR so that they do not overlap. You can see that
triangles so that they do I@ =QP, PS = Q_R, and LQPS = ZPQR. So, by the SAS Congruence Theorem
not overlap, be careful to (Theorem 5.5), AQPS = APQR.

copy all given information

and labels correctly. p o) p Q
> -
T T
S R

b. From part (a), you know that Z1 = /2 because corresponding parts of congruent

triangles are congruent. By the Converse of the Base Angles Theorem, PT = QT,
and APQT is isosceles.

. o W
Momfor'lng Progress 4”’ Help in English and Spanish at BigldeasMath.com

4. Find the values of x and y in the diagram.

7

/|

5. In Example 4, show that APTS = AQTR.
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5.4 Exercises

Dynamic Solutions available at BigldeasMath.com

Vocabulary and Gore Concept Check

1. VOCABULARY Describe how to identify the vertex angle of an isosceles triangle.

2. WRITING What is the relationship between the base angles of an isosceles triangle? Explain.

Monitoring Progress and Modeling with Mathematics

In Exercises 3—6, copy and complete the statement.
State which theorem you used. (See Example 1.)

%E\
A B C D
3. IfAE=DE,then /. =,/
4. IfAB =EB,then/ =,/

5. If ZD = ZCED,then ___ = ___
6. If ZEBC = ZECB,then ___=___

In Exercises 7-10, find the value of x. (See Example 2.)

7. A 8. M
X 12 X
60° 60°
9. S 10. E
5
5 F
R T 5
D

11. MODELING WITH MATHEMATICS The dimensions
of a sports pennant are given in the diagram. Find the
values of x and y.
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12. MODELING WITH MATHEMATICS A logo in an
advertisement is an equilateral triangle with a side
length of 7 centimeters. Sketch the logo and give the
measure of each side.

In Exercises 13-16, find the values of x and y.
(See Example 3.)

13. 14. S
V g -
yo R . O/—>

15. 40

8y 40

16. 3x—5

y+12

CONSTRUCTION In Exercises 17 and 18, construct an
equilateral triangle whose sides are the given length.

17. 3 inches
18. 1.25 inches

19. ERROR ANALYSIS Describe and correct the error in

finding the length of BC.
B
Because LZA= ZC,
> AC =BC.
So, BC = 6.
A 6 C



20. PROBLEM SOLVING
The diagram represents
part of the exterior of the
Bow Tower in Calgary,
Alberta, Canada. In the
diagram, AABD and
ACBD are congruent
equilateral triangles.
(See Example 4.)

a. Explain why AABC
is isosceles.

AR
S e

c. Show that AABE and
ACBE are congruent.

d. Find the measure of ZBAE.

b. Explain why

21. FINDING A PATTERN In the pattern shown, each
small triangle is an equilateral triangle with an area
of 1 square unit.

a. Explain how you Triangle Area

1 square

know that any A
unit

triangle made

out of equilateral
triangles is
equilateral.

b. Find the areas
of the first four
triangles in the

pattern.

c. Describe any
patterns in the
areas. Predict the

area of the seventh

triangle in the pattern. Explain your reasoning.

22. REASONING The base of isosceles AXYZ is YZ. What
can you prove? Select all that apply.

B XY=XZ ZX =LY
© zsy=s7 D YZ=2ZX

In Exercises 23 and 24, find the perimeter of
the triangle.

24, (21 = x) in.

Section 5.4

MODELING WITH MATHEMATICS In Exercises 25-28, use
the diagram based on the color wheel. The 12 triangles
in the diagram are isosceles triangles with congruent
vertex angles.

yellow-
orange

yellow-  yellow
green

green orange

blue- red-

green orange
blue red

blue- red-
purple purple purple

25. Complementary colors lie directly opposite each other
on the color wheel. Explain how you know that the
yellow triangle is congruent to the purple triangle.

26. The measure of the vertex angle of the yellow triangle
is 30°. Find the measures of the base angles.

27. Trace the color wheel. Then form a triangle whose
vertices are the midpoints of the bases of the red,
yellow, and blue triangles. (These colors are the
primary colors.) What type of triangle is this?

28. Other triangles can be formed on the color wheel
that are congruent to the triangle in Exercise 27. The
colors on the vertices of these triangles are called
triads. What are the possible triads?

29. CRITICAL THINKING Are isosceles triangles always
acute triangles? Explain your reasoning.

30. CRITICAL THINKING Is it possible for an equilateral
triangle to have an angle measure other than 60°?
Explain your reasoning.

31. MATHEMATICAL CONNECTIONS The lengths of the
sides of a triangle are 3¢, 5t — 12, and ¢ + 20. Find the
values of ¢ that make the triangle isosceles. Explain
your reasoning.

32. MATHEMATICAL CONNECTIONS The measure of
an exterior angle of an isosceles triangle is x°. Write
expressions representing the possible angle measures
of the triangle in terms of x.

33. WRITING Explain why the measure of the vertex
angle of an isosceles triangle must be an even number
of degrees when the measures of all the angles of the
triangle are whole numbers.
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34.

35.

36.

44.

PROBLEM SOLVING The triangular faces of the peaks
on a roof are congruent isosceles triangles with vertex
angles U and V.

a. Name two angles congruent to ZWUX. Explain
your reasoning.

b. Find the distance between points U and V.

PROBLEM SOLVING A boat is traveling parallel to
the shore along RT. When the boat is at point R, the
captain measures the angle to the lighthouse as 35°.
After the boat has traveled 2.1 miles, the captain
measures the angle to the lighthouse to be 70°.

a. Find SL. Explain your reasoning.

b. Explain how to find the distance between the boat
and the shoreline.

THOUGHT PROVOKING The postulates and theorems
in this book represent Euclidean geometry. In
spherical geometry, all points are points on the surface
of a sphere. A line is a circle on the sphere whose
diameter is equal to the diameter of the sphere. In
spherical geometry, do all equiangular triangles have
the same angle measures? Justify your answer.

39.

40.

41.

PROVING A COROLLARY Prove that the Corollary
to the Base Angles Theorem (Corollary 5.2) follows
from the Base Angles Theorem (Theorem 5.6).

. HOW DO YOU SEE IT? You are designing fabric

purses to sell at the school fair.

a. Explain why AABE = ADCE.
b. Name the isosceles triangles in the purse.

c. Name three angles that are congruent to ZEAD.

PROVING A COROLLARY Prove that the Corollary
to the Converse of the Base Angles Theorem
(Corollary 5.3) follows from the Converse of the
Base Angles Theorem (Theorem 5.7).

MAKING AN ARGUMENT The coordinates of two
points are 7(0, 6) and U(6, 0). Your friend claims that
points 7, U, and V will always be the vertices of an
isosceles triangle when V is any point on the line

y = x. Is your friend correct? Explain your reasoning.

PROOF Use the diagram to prove that ADEF
is equilateral.

A

A

B C

Given AABC is equilateral.
ZLCAD = ZABE = ZBCF

Prove ADEF is equilateral.

’_Maintaining Mathema'ﬁcal PrOfiCiency Reviewing what you learned in previous grades and lessons

Use the given property to complete the statement. (Section 2.5)
42. Reflexive Property of Congruence (Theorem 2.1): =SE
43. Symmetric Property of Congruence (Theorem 2.1): If = , thenRS = JK.

Transitive Property of Congruence (Theorem 2.1): If EF = @ , and@ = W, then

I
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