Solving Quadratic Equations by

Completing the Square

Esgential Q“GSﬂO” How can you use “completing the square” to

solve a quadratic equation?

EXPLORATION 1 Solving by Completing the Square

Work with a partner.
il __,
_+

a. Write the equation modeled °
by the algebra tiles. This is
the equation to be solved.

b. Four algebra tiles are added to
the left side to “complete the
square.” Why are four algebra
tiles also added to the right side?

I
=@
0

c. Use algebra tiles to label the
dimensions of the square on
the left side and simplify on
the right side.

d. Write the equation modeled by
gllé }F(’IFIQ\IOG BE E |I\\I/|SSE the algebra tiles so that the left

side is the square of a binomial.
To be proficient in math, Solve the equation using square roots.
you need to explain to

If the meaning of T
Y roblem. After that, you SEGIYSIIPY  solving by Completing the Square

need to look for entry

Work with a partner. °

a. Write the equation modeled

points to its solution. {>
by the algebra tiles.

b. Use algebra tiles to “complete

the square.” -
_+ )
_+ )

c. Write the solutions of the equation.

d. Check each solution in the
original equation.

Communicate Your Answer

3. How can you use “completing the square” to solve a quadratic equation?
4. Solve each quadratic equation by completing the square.

a. x2—2x=1 b. x2—4x=—1 c. xX>+4x=-3
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94 Lesson What You Will Learn

P Complete the square for expressions of the form x2 + bx.

P Solve quadratic equations by completing the square.

Core Vocabulary
completing the square, p. 506 >

P Find and use maximum and minimum values.

Solve real-life problems by completing the square.
Previous

perfect square trinomial Completing the Square

coefficient

maximum value

minimum value

vertex form of a quadratic

e Gy Core Concept

Completing the Square

Words To complete the square for an expression of the form x% + bx, follow
these steps.

For an expression of the form x% 4+ bx, you can add a constant ¢ to the expression
so that x2 + bx + c is a perfect square trinomial. This process is called completing
the square.

Step 1 Find one-half of b, the coefficient of x.

{> Step 2 Square the result from Step 1.
JUSTIFYING Step 3 Add the result from Step 2 to x2 + bx.
STEPS : : o
Factor the resulting expression as the square of a binomial.
In each diagram below, 5 5
the combined area of the Algebra 2 + bx + (Q) — (x + 2)
shaded regions is x2 + bx. 2 2
2
Adding (g) completes ) _
the square in the second FONUILRRE Completing the Square

diagram. Complete the square for each expression. Then factor the trinomial.
X l,) a. x2 + 6x b. x* — 9x
|
X X2 bx SOLUTION
! a. Step1 Find one-half of b. g - g =3
: : Step 2 Square the result from Step 1. 32=9
|
S Step 3  Add the result from Step 2 to x2 + bx. x>+ 6x+9
‘ P 2+6x+9=(x+3)2
b b_ -9
X 2 b. Step 1 Find one-half of b. 5=
b -9\2 81
X X2 (E X Step 2 Square the result from Step 1. (7) =T
— Step3  Add the result from Step 2 to x* + bx. 2= Ox + %
2 G | G
=1 (5)x = 2
2 2 2] 81 _ 9
R | 2 x2—9x+Z—(x—5)

_ N
Momtormg Progress ‘)‘” Help in English and Spanish at BigldeasMath.com

Complete the square for the expression. Then factor the trinomial.

1. X2+ 10x 2. X2 — 4x 3. X2+ Tx
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COMMON ERROR

When completing the
square to solve an
equation, be sure to add

b 2
(5) to each side of the

equation. {>

COMMON ERROR

Before you complete the
square, be sure that the
coefficient of the x2-term

is 1. {>

Solving Quadratic Equations by Completing
the Square

The method of completing the square can be used to solve any quadratic equation. To
solve a quadratic equation by completing the square, you must write the equation in
the form x2 + bx = d.

YN EEFN solving a Quadratic Equation: x2 + bx = d

Solve x2 — 16x = —15 by completing the square.

SOLUTION
x2—16x = —15 Write the equation.

Complete the square by adding (%w)z

2 —8)2 = — —8)?
X 16x (787 = —15 (78 e o each side.

(x — 8)2=49 Write the left side as the square of a binomial.
x—8==7 Take the square root of each side.
x=8%7 Add 8 to each side.

P Thesolutionsarex =8 +7 =15andx =8 — 7 = 1.

Check
x2 — l6x = —15 Original equation x2 — l6x = —15
9
152 — 16(15) = —15 Substitute. 12— 16(1) = —15

—15=-15 ¢ Simplify. “15=-15 ¢

[

EXAMPLE 3 Solving a Quadratic Equation: ax? + bx + c=0

Solve 2x2 + 20x — 8 = 0 by completing the square.

SOLUTION
2x2+20x—8=0 Write the equation.
2x2 +20x = 8 Add 8 to each side.
X2+ 10x =4 Divide each side by 2.

Complete the square by adding (12—0)2

24+ 10x + 52 =4 + 57
. Ox+5 > or 52, to each side.

(x+5?2=29 Write the left side as the square of a binomial.
x+5==V29 Take the square root of each side.
x=-5+V29 Subtract 5 from each side.

P The solutions are x = —5 + V29 =039 andx = —5 — V29 =~ —10.39.

. 3 N
Monltormg Progress *D/ Help in English and Spanish at BigldeasMath.com

Solve the equation by completing the square. Round your solutions to the nearest
hundredth, if necessary.

4, x2-2x=3 5. m2+ 12m = =8 6. 3g2—24g+27=0
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Check

— 2 _
y =x°+4x 110

Minimum
X=-2 Y=-5

STUDY TIP

Adding 1 inside the
parentheses results in
subtracting 1 from the right

side of the equation. {>

Finding and Using Maximum and Minimum Values

One way to find the maximum or minimum value of a quadratic function is to write
the function in vertex form by completing the square. Recall that the vertex form of a
quadratic function is y = a(x — h)?> + k, where a # 0. The vertex of the graph is (#, k).

EXAMPLE 4 Finding a Minimum Value

Find the minimum value of y = x% 4+ 4x — 1.

SOLUTION
Write the function in vertex form.
y=x2+4x—1 Write the function.
y+1=x>+4x Add 1 to each side.
y+1+4=x2+4x+4 Complete the square for x2 + 4x.
y+5=x2+4x+4 Simplify the left side.
y+5=(x+2)? Write the right side as the square of a binomial.
y=@x+2?>*-5 Write in vertex form.

The vertex is (—2, —5). Because a is positive (a = 1), the parabola opens up
and the y-coordinate of the vertex is the minimum value.

} So, the function has a minimum value of —5.

EXAMPLE 5 Finding a Maximum Value

Find the maximum value of y = —x% + 2x + 7.
SOLUTION
Write the function in vertex form.
y=—x*+2x+7 Write the function.
y—7=—x>+2x Subtract 7 from each side.
y—T7=—x%*—2x) Factor out —1.
y=T7—1=~-x2=-2x+1) Complete the square for x? — 2x.
y—8=—*—-2x+1) Simplify the left side.
y—8=—(x—1)7? Write X2 — 2x + 1 as the square of a binomial.
y=—(x—12+8 Write in vertex form.
The vertex is (1, 8). Because a is negative (a = — 1), the parabola opens down

and the y-coordinate of the vertex is the maximum value.

} So, the function has a maximum value of 8.

. . W
Momtormg Progregg ‘)\” Help in English and Spanish at BigldeasMath.com

Determine whether the quadratic function has a maximum or minimum value.
Then find the value.

7. y=—x*—4x+4 8. y=x2+12x+ 40 9. y=x2—2x—2
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Ay

A

Y

f) = —2(x+472+38
g)=—(x—5%2+9
m(x) = (x — 3)(x — 12)

px) = —(x—2)(x—8)

STUDY TIP

Adding 9 inside the
parentheses results in
subtracting 144 from
the right side of the
equation.

xY

EXAMPLE 6 Interpreting Forms of Quadratic Functions

Which of the functions could be represented by the graph? Explain.
SOLUTION

You do not know the scale of either axis. To eliminate functions, consider the
characteristics of the graph and information provided by the form of each function.
The graph appears to be a parabola that opens down, which means the function has
a maximum value. The vertex of the graph is in the first quadrant. Both x-intercepts
are positive.

* The graph of f opens down because a < 0, which means f has a maximum value.
However, the vertex (—4, 8) of the graph of fis in the second quadrant. So, the
graph does not represent f.

* The graph of g opens down because a < 0, which means g has a maximum
value. The vertex (5, 9) of the graph of g is in the first quadrant. By solving
0= —(x — 5)2+ 9, you see that the x-intercepts of the graph of g are 2 and 8.
So, the graph could represent g.

* The graph of m has two positive x-intercepts. However, its graph opens up because
a > 0, which means m has a minimum value. So, the graph does not represent m.

e The graph of p has two positive x-intercepts, and its graph opens down because
a < 0. This means that p has a maximum value and the vertex must be in the first
quadrant. So, the graph could represent p.

P> The graph could represent function g or function p.

FINNGNFN Real-Life Application

The function y = —16x2 + 96x represents the height y (in feet) of a model rocket x
seconds after it is launched. (a) Find the maximum height of the rocket. (b) Find and
interpret the axis of symmetry.

SOLUTION
a. To find the maximum height, identify the maximum value of the function.
y = —16x% + 96x Write the function.
y = —16(x* — 6x) Factor out —16.
y — 144 = —16(x2 — 6x + 9) Complete the square for x2 — 6x.
y = —16(x — 3)2 + 144 Write in vertex form.

P> Because the maximum value is 144, the model rocket reaches a maximum
height of 144 feet.

b. The vertex is (3, 144). So, the axis of symmetry is x = 3. On the left side of x = 3,
the height increases as time increases. On the right side of x = 3, the height
decreases as time increases.

Moniforing Progregs ‘)\/\/ Help in English and Spanish at BigldeasMath.com

Determine whether the function could be represented by the graph in Example 6.
Explain.

10. A(x) = (x — 8)>+ 10 1. n(x) = —2(x — 5)(x — 20)
12. WHAT IF? Repeat Example 7 when the function is y = —16x2 + 128x.
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Solving Real-Life Problems

F NGRS Modeling with Mathematics

—3 ft— ) You decide to use chalkboard paint to create a chalkboard on a door. You want the
s , width of chalkboard to cover 6 square feet and to have a uniform border, as shown. Find the
bc;r?ter, width of the border to the nearest inch.
SOLUTION
7 ft o 1. Understand the Problem You know the dimensions (in feet) of the door from

the diagram. You also know the area (in square feet) of the chalkboard and that
it will have a uniform border. You are asked to find the width of the border to the
nearest inch.

~ chalkboard

. Make a Plan Use a verbal model to write an equation that represents the area of
the chalkboard. Then solve the equation.

3. Solve the Problem

Let x be the width (in feet) of the border, as shown in the diagram.

Area of Length of Width of
chalkboard = chalkboard . chalkboard
(square feet) (feet) (feet)
6 = (7 — 2x) . (3 — 2x)
6 =(7—2x)(3 — 2x) Write the equation.
6 =21 — 20x + 4x2 Multiply the binomials.
—15 = 4x? — 20x Subtract 21 from each side.
15 _ o .. .
T =X —5x Divide each side by 4.
—% + 24—5 =x?—5x+ % Complete the square for x> — 5x.
% =x2—5x+ % Simplify the left side.
% = (x - %)2 Write the right side as the square of a binomial.
=+ % =x— % Take the square root of each side.
% + \/g =x Add ; to each side.

. . _5 5 5 _ 5~
The solutions of the equation are x = 5 + \/; ~4.08andx =3 \/; ~ 0.92.

It is not possible for the width of the border to be 4.08 feet because the width of the

door is 3 feet. So, the width of the border is about 0.92 foot.

12 in.
1 ft

P The width of the border should be about 11 inches.

0.92 ff » = 11.04 in. Convert 0.92 foot to inches.

4. Look Back When the width of the border is slightly less than 1 foot, the length
of the chalkboard is slightly more than 5 feet and the width of the chalkboard is
slightly more than 1 foot. Multiplying these dimensions gives an area close to
6 square feet. So, an 11-inch border is reasonable.

. s W
Monltormg Progresg 4)\’/ Help in English and Spanish at BigldeasMath.com

13. WHAT IF? You want the chalkboard to cover 4 square feet. Find the width of the
border to the nearest inch.
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9-4 Exe rCISES Dynamic Solutions available at BigldeasMath.com

—Vocabulary and Gore Concept Check

1. COMPLETE THE SENTENCE The process of adding a constant ¢ to the expression x? + bx so that
x2 4 bx + c is a perfect square trinomial is called

2. VOCABULARY Explain how to complete the square for an expression of the form x? + bx.

3. WRITING Is it more convenient to complete the square for x> + bx when b is odd or when b is even?
Explain.

4. WRITING Describe how you can use the process of completing the square to find the maximum or
minimum value of a quadratic function.

Monitoring Progress and Modeling with Mathematics

In Exercises 5-10, find the value of ¢ that completes 24. MODELING WITH MATHEMATICS Some sand art
the square. contains sand and water sealed in a glass case, similar
to the one shown. When the art is turned upside down,
5. X2 -8 +c¢ 6. x2—2x+c

the sand and water fall to create a new picture. The
glass case has a depth of 1 centimeter and a volume

2 2
1 ¥+dxrtc 8 x+1x+c of 768 cubic centimeters.

9. x2—15x+¢ 10. 2 +9%x +c¢

In Exercises 11-16, complete the square for the
expression. Then factor the trinomial. (See Example 1.)

11. 22— 10x 12. x? — 40x
13. X2+ 16x 14. x2 + 22x

a. Write an equation that represents the volume of
15. X2 + 5x 16. x2 — 3x the glass case.

b. Find the dimensions of the glass case by

In Exercises 17-22, solve the equation by completing the .
completing the square.

square. Round your solutions to the nearest hundredth,

if necessary. (See Example 2.
¥ ple 2.) In Exercises 25-32, solve the equation by completing the

17. X2+ 14x =15 18. X2 —6x=16 square. Round your solutions to the nearest hundredth,

if necessary. (See Example 3.)

19. 22 —4x= -2 20. x2+2x=5
25. 2—-8x+15=0 26. x2+4x—21=0

21. x2—5x=8 22, X2+ 1lx=-10
27. 2x2+20x+44=0 28. 3x2—18x+12=0
23. MODELING WITH MATHEMATICS The area of the

3,2 _ - _
patio is 216 square feet. 29. —3x" —24x + 17 = —40

a. Write an equation
that represents the
area of the patio.

30. —5x2—20x +35=30

31. 2x2— 14x + 10 =26

b. Find the dimensions of
the patio by completing
the square.

32. 42+ 12x—15=5

x ft
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33. ERROR ANALYSIS Describe and correct the error in
solving x2 + 8x = 10 by completing the square.

2+ 8x=10
x2+ 8x+ 16 =10

(x+4)2=10
x+4=xV10
x=—4xV10

34. ERROR ANALYSIS Describe and correct the error in
the first two steps of solving 2x> — 2x — 4 = 0 by
completing the square.

X 2x2—2x—4=0
2x% —2x=4

2x2—2x+1=4+1

35. NUMBER SENSE Find all values of b for which
x2 + bx + 25 is a perfect square trinomial. Explain
how you found your answer.

36. REASONING You are completing the square to solve
3x2 + 6x = 12. What is the first step?

In Exercises 37-40, write the function in vertex form
by completing the square. Then match the function with
its graph.

37. y=x2+6x+3 38. y=—-x2+8x—12

39. y=-—x>—4x—2 40. y=x>—2x+4

A. Ay B. Ay
L4 2
F2 < >
/ \ —-af -2 \| 1%
< > -2
1/ 315 \x
y v [N 14 Ll
C Ay D. [\ [ [ 4y
\ / 6\ -2 -2 | x
4
) \ ' f
< 5 \
=2 [y [ 2] 4&x R

In Exercises 41-46, determine whether the quadratic
function has a maximum or minimum value. Then find
the value. (See Examples 4 and 5.)

41. y=x*—4x—2 42. y=x*+6x+ 10
43. y=—x2—10x—30 44. y= —x>+ 14x — 34

512 Chapter 9 Solving Quadratic Equations

45. f(x) = —3x2—6x—9 46. f(x)=4x>—28x+ 32

In Exercises 47-50, determine whether the graph could
represent the function. Explain.

47. y=—(x+8)(x+3) 48. y=(x—5)

Ay AY

49. y=4(x+272—4 50. y= —2(x— (x+2)

y y

In Exercises 51 and 52, determine which of the
functions could be represented by the graph. Explain.
(See Example 6.)

>t Moo = +22+3
) =2(x + 32— 2
L 8= 3~ 8)(x —4)
Y m(x) = (x + 2)(x + 4)
52. Ay

rx) = —3(x— S+ 1)
p(x) = =2(x — 2)(x — 6)

X qx)=@x+1)?>+4

Y nx)=—x—22+9

53. MODELING WITH MATHEMATICS The function
h = —161> + 48t represents the height A (in feet) of a
kickball ¢ seconds after it is kicked from the ground.
(See Example 7.)

a. Find the maximum height of the kickball.

b. Find and interpret the axis of symmetry.



54. MODELING WITH MATHEMATICS In Exercises 59-62, solve the equation by completing
You throw a stone from a height the square. Round your solutions to the nearest
of 16 feet with an initial vertical hundredth, if necessary.

velocity of 32 feet per second. The
function h = —16£2 + 32t + 16
represents the height 4 (in feet)

of the stone after ¢ seconds.

a. Find the maximum height
of the stone.

b. Find and interpret the axis
of symmetry.

55. MODELING WITH MATHEMATICS You are building a

rectangular brick patio surrounded by a crushed stone 64.

border with a uniform width, as shown. You purchase
patio bricks to cover 140 square feet. Find the width
of the border. (See Example 8.)

x ft x ft

6 ft

56. MODELING WITH MATHEMATICS
You are making a poster xin.
that will have a uniform b—22 in.—H

border, as shown. The Fxin.

total area of the poster HEAR US

is 722 square inches.

Find the width of the by 65.

28 in.

border to the nearest inch. //7 ’§
78y

GO LIONS

MATHEMATICAL CONNECTIONS In Exercises 57 and 58,
find the value of x. Round your answer to the nearest
hundredth, if necessary.

57. A= 108 m? 58. A =288in.2
] L]
xm 3xin.
1 []
(x+6)m (2x + 10) in.

59.

61.

63.

05x2+x—2=0 60. 0.75x2+ 1.5x =4

%x—§x2=—% 62. 12+ 1x—
PROBLEM SOLVING The distance d (in feet) that it
takes a car to come to a complete stop can be modeled
by d = 0.05s2 + 2.2s, where s is the speed of the car
(in miles per hour). A car has 168 feet to come to a
complete stop. Find the maximum speed at which the
car can travel.

PROBLEM SOLVING During a “big air” competition,
snowboarders launch themselves from a half-pipe,
perform tricks in the air, and land back in the
half-pipe. The height / (in feet) of a snowboarder
above the bottom of the half-pipe can be modeled

by h = —16¢* + 24t + 16.4, where t is the time

(in seconds) after the snowboarder launches into

the air. The snowboarder lands 3.2 feet lower than the
height of the launch. How long is the snowboarder in
the air? Round your answer to the nearest tenth of

a second.

Initial vertical
velocity = 24 ft/sec 16.4 ft

CFoss section of a half-pipe

PROBLEM SOLVING You have 80 feet of fencing
to make a rectangular horse pasture that covers
750 square feet. A barn will be used as one side of
the pasture, as shown.

a. Write equations for the amount of fencing to be
used and the area enclosed by the fencing.

b. Use substitution to solve the system of equations
from part (a). What are the possible dimensions of
the pasture?
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66. HOW DO YOU SEE IT? The graph represents the
quadratic function y = x2 — 4x + 6.

My A
\ [
6
N
2
TV 2 4 6x

a. Use the graph to estimate the x-values for which
y=3.

b. Explain how you can use the method of
completing the square to check your estimates
in part (a).

67. COMPARING METHODS Consider the quadratic
equation x> + 12x + 2 = 12.

a. Solve the equation by graphing.
b. Solve the equation by completing the square.

¢. Compare the two methods. Which do you prefer?
Explain.

68. THOUGHT PROVOKING Sketch the graph of the
equation x> — 2xy + y> — x — y = 0. Identify

the graph.

69. REASONING The product of two consecutive even
integers that are positive is 48. Write and solve an
equation to find the integers.

70. REASONING The product of two consecutive odd
integers that are negative is 195. Write and solve an

equation to find the integers.

71.

72.

73.

74.

MAKING AN ARGUMENT You purchase stock for

$16 per share. You sell the stock 30 days later for
$23.50 per share. The price y (in dollars) of a share
during the 30-day period can be modeled by

y = —0.025x% + x + 16, where x is the number of
days after the stock is purchased. Your friend says you
could have sold the stock earlier for $23.50 per share.
Is your friend correct? Explain.

REASONING You are solving the equation

x% 4+ 9x = 18. What are the advantages of solving the
equation by completing the square instead of using
other methods you have learned?

PROBLEM SOLVING You are knitting a rectangular
scarf. The pattern results in a scarf that is 60 inches
long and 4 inches wide. However, you have enough
yarn to knit 396 square inches. You decide to increase
the dimensions of the scarf so that you will use all
your yarn. The increase in

the length is three times
the increase in the
width. What are
the dimensions

of your scarf?

WRITING How many solutions does x> + bx = ¢ have

b 2
when ¢ < _(E) 7 Explain.

(— Maintaining Mathemafical PrOficiency Reviewing what you learned in previous grades and lessons

Write a recursive rule for the sequence. (Section 6.7)
75. a,\ 76. a,j T 77.  a,}
(4, 24) -
30 i (4, 25) 24 0 3 7 T
(3, 20) (4, -8)
20 16 (3, 12) 813, -12)
(2, 15)7 ?
10 ‘ 8 — —16 (2, —16)7
L (1,10) (2, 6) -
ol 5 NEE RN y %0, —20)
0 2 4 'n 0 2 4 'n
Simplify the expression V b2 — dac for the given values. (Section 9.1)
78. a=3,b=—6,c=2 79. a=-2,b=4,c=1 80. a=1,b=6,c=4
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