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6.7

Essential QuestionEssential Question How can you defi ne a sequence recursively?

A recursive rule gives the beginning term(s) of a sequence and a recursive equation 

that tells how an is related to one or more preceding terms.

 Describing a Pattern

Work with a partner. Consider a hypothetical population of rabbits. Start with one 

breeding pair. After each month, each breeding pair produces another breeding pair. 

The total number of rabbits each month follows the exponential pattern 2, 4, 8, 16, 

32, . . .. Now suppose that in the fi rst month after each pair is born, the pair is too 

young to reproduce. Each pair produces another pair after it is 2 months old. Find 

the total number of pairs in months 6, 7, and 8.

1

2

3

4

5

1

Month
Number
of pairs

1

2

3

5

Red pair produces
green pair.

Red pair produces
orange pair.

Red pair produces blue pair.

Red pair is too young to produce.

Blue pair
produces purple

pair.

 Using a Recursive Equation

Work with a partner. Consider the following recursive equation.

an = an − 1 + an − 2

Each term in the sequence is the sum of the two preceding terms.

Copy and complete the table. Compare the results with the sequence of the number 

of pairs in Exploration 1.

a1 a2 a3 a4 a5 a6 a7 a8

1 1

Communicate Your AnswerCommunicate Your Answer
 3. How can you defi ne a sequence recursively?

 4. Use the Internet or some other reference to determine the mathematician who fi rst 

described the sequences in Explorations 1 and 2.

RECOGNIZING
PATTERNS

To be profi cient in math, 
you need to look closely 
to discern a pattern 
or structure.

Recursively Defi ned Sequences
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340 Chapter 6  Exponential Functions and Sequences

6.7 Lesson What You Will LearnWhat You Will Learn
 Write terms of recursively defi ned sequences.

 Write recursive rules for sequences.

 Translate between recursive rules and explicit rules.

 Write recursive rules for special sequences.

Writing Terms of Recursively Defi ned Sequences
So far in this book, you have defi ned arithmetic and geometric sequences explicitly. 

An explicit rule gives an as a function of the term’s position number n in the 

sequence. For example, an explicit rule for the arithmetic sequence 3, 5, 7, 9, . . . is

an = 3 + 2(n − 1), or an = 2n + 1.

Now, you will defi ne arithmetic and geometric sequences recursively. A recursive 
rule gives the beginning term(s) of a sequence and a recursive equation that tells how 

an is related to one or more preceding terms.

 Writing Terms of Recursively Defi ned Sequences

Write the fi rst six terms of each sequence. Then graph each sequence.

a. a1 = 2, an = an − 1 + 3 b. a1 = 1, an = 3an − 1

SOLUTION

You are given the fi rst term. Use the recursive equation to fi nd the next fi ve terms.

a. a1 = 2 b. a1 = 1

 a2 = a1 + 3 = 2 + 3 = 5  a2 = 3a1 = 3(1) = 3

 a3 = a2 + 3 = 5 + 3 = 8  a3 = 3a2 = 3(3) = 9

 a4 = a3 + 3 = 8 + 3 = 11  a4 = 3a3 = 3(9) = 27

 a5 = a4 + 3 = 11 + 3 = 14  a5 = 3a4 = 3(27) = 81

 a6 = a5 + 3 = 14 + 3 = 17  a6 = 3a5 = 3(81) = 243

 n

an

18

12

6

0
0 2 4 6   n

an

240

160

80

0
0 2 4 6

STUDY TIP
A sequence is a discrete 
function. So, the points 
on the graph are not 
connected.

explicit rule, p. 340
recursive rule, p. 340

Previous
arithmetic sequence
geometric sequence

Core VocabularyCore Vocabullarry

Core Core ConceptConcept
Recursive Equation for an Arithmetic Sequence
an = an − 1 + d, where d is the common difference

Recursive Equation for a Geometric Sequence
an = r ⋅ an − 1, where r is the common ratio
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Monitoring ProgressMonitoring Progress Help in English and Spanish at BigIdeasMath.com

Write the fi rst six terms of the sequence. Then graph the sequence.

 1. a1 = 0, an = an − 1 − 8 2. a1 = −7.5, an = an − 1 + 2.5

 3. a1 = −36, an =   
1
 — 

2
   an − 1 4. a1 = 0.7, an = 10an − 1 

Writing Recursive Rules

 Writing Recursive Rules

Write a recursive rule for each sequence.

a. −30, −18, −6, 6, 18, . . . b. 500, 100, 20, 4, 0.8, . . .

SOLUTION

Use a table to organize the terms and fi nd the pattern.

a. Position, n 1 2 3 4 5

Term, an −30 −18 −6 6 18

+ 12 + 12 + 12 + 12

The sequence is arithmetic, with fi rst term a1 = −30 and common difference d = 12.

an = an − 1 + d Recursive equation for an arithmetic sequence

an = an − 1 + 12 Substitute 12 for d.

  So, a recursive rule for the sequence is a1 = −30, an = an − 1 + 12.

b. 

×   1 — 5  ×   1 — 5  ×   1 — 5  ×   1 — 5  

Position, n 1 2 3 4 5

Term, an 500 100 20 4 0.8

The sequence is geometric, with fi rst term a1 = 500 and common ratio r =   
1
 — 

5
  .

an = r ⋅ an − 1 Recursive equation for a geometric sequence

an =   
1
 — 

5
   an − 1 Substitute   1 — 5   for r.

 So, a recursive rule for the sequence is a1 = 500, an =   
1
 — 

5
   an − 1.

Monitoring ProgressMonitoring Progress Help in English and Spanish at BigIdeasMath.com

Write a recursive rule for the sequence.

 5. 8, 3, −2, −7, −12, . . . 6. 1.3, 2.6, 3.9, 5.2, 6.5, . . .

7. 4, 20, 100, 500, 2500, . . . 8. 128, −32, 8, −2, 0.5, . . .

 9. Write a recursive rule for the height of the sunfl ower over time.

4 months:
6.5 feet

3 months:
5 feet

2 months:
3.5 feet

1 month:
2 feet

 

COMMON ERROR
When writing a recursive 
rule for a sequence, you 
need to write both the 
beginning term(s) and the 
recursive equation.
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342 Chapter 6  Exponential Functions and Sequences

Translating between Recursive and Explicit Rules

 Translating from Recursive Rules to Explicit Rules

Write an explicit rule for each recursive rule.

a. a1 = 25, an = an − 1 − 10 b. a1 = 19.6, an = −0.5an − 1

SOLUTION

a. The recursive rule represents an arithmetic sequence, with fi rst term a1 = 25 and 

common difference d = −10.

an = a1 + (n − 1)d Explicit rule for an arithmetic sequence

an = 25 + (n − 1)(−10) Substitute 25 for a1 and −10 for d.

an = −10n + 35 Simplify.

  An explicit rule for the sequence is an = −10n + 35.

b. The recursive rule represents a geometric sequence, with fi rst term a1 = 19.6 and 

common ratio r = −0.5.

an = a1r n − 1 Explicit rule for a geometric sequence

an = 19.6(−0.5)n − 1 Substitute 19.6 for a1 and −0.5 for r.

 An explicit rule for the sequence is an = 19.6(−0.5)n − 1.

 Translating from Explicit Rules to Recursive Rules

Write a recursive rule for each explicit rule.

a. an = −2n + 3 b. an = −3(2)n − 1

SOLUTION

a. The explicit rule represents an arithmetic sequence, with fi rst term 

a1 = −2(1) + 3 = 1 and common difference d = −2.

an = an − 1 + d Recursive equation for an arithmetic sequence

an = an − 1 + (−2) Substitute −2 for d.

  So, a recursive rule for the sequence is a1 = 1, an = an − 1 − 2.

b. The explicit rule represents a geometric sequence, with fi rst term a1 = −3 and 

common ratio r = 2.

an = r ⋅ an − 1 Recursive equation for a geometric sequence

an = 2an − 1 Substitute 2 for r.

  So, a recursive rule for the sequence is a1 = −3, an = 2an − 1.

Monitoring ProgressMonitoring Progress Help in English and Spanish at BigIdeasMath.com

Write an explicit rule for the recursive rule.

 10. a1 = −45, an = an − 1 + 20 11. a1 = 13, an = −3an − 1

Write a recursive rule for the explicit rule.

 12. an = −n + 1 13. an = −2.5(4)n − 1 
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Writing Recursive Rules for Special Sequences
You can write recursive rules for sequences that are neither arithmetic nor geometric. 

One way is to look for patterns in the sums of consecutive terms.

 Writing Recursive Rules for Other Sequences

Use the sequence shown.

1, 1, 2, 3, 5, 8, . . .

a. Write a recursive rule for the sequence.

b. Write the next three terms of the sequence.

SOLUTION

a. Find the difference and ratio between each pair of consecutive terms.

 1 1 2 3

1 − 1 = 0 2 − 1 = 1 3 − 2 = 1   There is no common difference, so the 
sequence is not arithmetic.

 1 1 2 3

  1 — 
1
   = 1   2 — 

1
   = 2   3 — 

2
   = 1  1 — 

2
  There is no common ratio, so the sequence is 

not geometric.

Find the sum of each pair of consecutive terms.

a1 + a2 = 1 + 1 = 2 2 is the third term.

a2 + a3 = 1 + 2 = 3 3 is the fourth term.

a3 + a4 = 2 + 3 = 5 5 is the fi fth term.

a4 + a5 = 3 + 5 = 8 8 is the sixth term.

Beginning with the third term, each term is the sum of the two previous terms.

A recursive equation for the sequence is an = an − 2 + an − 1.

  So, a recursive rule for the sequence is a1 = 1, a2 = 1, an = an − 2 + an − 1.

b. Use the recursive equation an = an − 2 + an − 1 to fi nd the next three terms.

 a7 = a5 + a6 a8 = a6 + a7 a9 = a7 + a8

 = 5 + 8 = 8 + 13  = 13 + 21

 = 13 = 21 = 34

  The next three terms are 13, 21, and 34.

Monitoring ProgressMonitoring Progress Help in English and Spanish at BigIdeasMath.com

Write a recursive rule for the sequence. Then write the next three terms of 
the sequence.

 14. 5, 6, 11, 17, 28, . . . 15. −3, −4, −7, −11, −18, . . .

 16. 1, 1, 0, −1, −1, 0, 1, 1, . . . 17. 4, 3, 1, 2, −1, 3, −4, . . . 

The sequence in Example 5 is 
called the Fibonacci sequence. This 
pattern is naturally occurring in 
many objects, such as fl owers.

U

a

b

S

a

Th i E l 5 i
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344 Chapter 6  Exponential Functions and Sequences

Exercises6.7 Dynamic Solutions available at BigIdeasMath.com

 1.  COMPLETE THE SENTENCE A recursive rule gives the beginning term(s) of a sequence and 

a(n) _____________ that tells how an is related to one or more preceding terms.

 2.  WHICH ONE DOESN’T BELONG? Which rule does not belong with the other three? Explain your 

reasoning.

a1 = 9, an = 4an − 1a1 = −1, an = 5an − 1 a1 = −3, an = an − 1 + 1an = 6n − 2

Vocabulary and Core Concept CheckVocabulary and Core Concept Check

In Exercises 3–6, determine whether the recursive 
rule represents an arithmetic sequence or a geometric 
sequence. 

 3. a1 = 2, an = 7an − 1 4. a1 = 18, an = an − 1 + 1 

 5. a1 = 5, an = an − 1 − 4 6. a1 = 3, an = −6an − 1

In Exercises 7–12, write the fi rst six terms of the 
sequence. Then graph the sequence. (See Example 1.) 

 7. a1 = 0, an = an − 1 + 2 

 8. a1 = 10, an = an − 1 − 5 

 9. a1 = 2, an = 3an − 1 

 10. a1 = 8, an = 1.5an − 1 

 11. a1 = 80, an = −  1 — 2   an − 1 

 12. a1 = −7, an = −4an − 1 

In Exercises 13–20, write a recursive rule for the 
sequence. (See Example 2.)

 13. n 1 2 3 4

an 7 16 25 34

 14. n 1 2 3 4

an 8 24 72 216

 15. 243, 81, 27, 9, 3, . . .

 16. 3, 11, 19, 27, 35, . . . 

17. 0, −3, −6, −9, −12, . . . 

18. 5, −20, 80, −320, 1280, . . . 

 19. 

n

an
0

−24

−48

(4, −64)

(3, −16)
3 5

(1, −1)

(2, −4)

 20. 

n

an
36

24

12

0
0 2 4

(1, 35)

(2, 24)

(3, 13)

(4, 2)

 21. MODELING WITH MATHEMATICS Write a recursive 

rule for the number of bacterial cells over time.

1 hour

2 hours

3 hours

4 hours

 22. MODELING WITH MATHEMATICS Write a recursive 

rule for the length of the deer antler over time.

1 day:
4    in.1

2

2 days:
4    in.3

4

3 days:
5 in.

4 days:
5    in.1

4

Monitoring Progress and Modeling with MathematicsMonitoring Progress and Modeling with Mathematics
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In Exercises 23–28, write an explicit rule for the 
recursive rule. (See Example 3.) 

23. a1 = −3, an = an − 1 + 3 

24. a1 = 8, an = an − 1 − 12 

25. a1 = 16, an = 0.5an − 1 

26. a1 = −2, an = 9an − 1 

27. a1 = 4, an = an − 1 + 17 

28. a1 = 5, an = −5an − 1 

In Exercises 29–34, write a recursive rule for the 
explicit rule. (See Example 4.) 

 29. an = 7(3)n − 1 30. an = −4n + 2 

 31. an = 1.5n + 3 32. an = 6n − 20 

 33. an = (−5)n − 1 34. an = −81  (   2 — 
3
   )  

n − 1

 

In Exercises 35–38, graph the fi rst four terms of the 
sequence with the given description. Write a recursive 
rule and an explicit rule for the sequence.

 35. The fi rst term of a sequence is 5. Each term of the 

sequence is 15 more than the preceding term. 

 36. The fi rst term of a sequence is 16. Each term of the 

sequence is half the preceding term. 

 37. The fi rst term of a sequence is −1. Each term of the 

sequence is −3 times the preceding term. 

 38. The fi rst term of a sequence is 19. Each term of the 

sequence is 13 less than the preceding term. 

In Exercises 39–44, write a recursive rule for the 
sequence. Then write the next two terms of the 
sequence. (See Example 5.) 

 39. 1, 3, 4, 7, 11, . . . 40. 10, 9, 1, 8, −7, 15, . . . 

 41. 2, 4, 2, −2, −4, −2, . . . 

 42. 6, 1, 7, 8, 15, 23, . . . 

 43. 

n

an
30

20

10

0
0 2 4

(1, 1)
(2, 3)

(3, 3)

(4, 9)

(5, 27)

 44. 

n

an
60

40

20

0
0 2 4

(1, 64)

(4, 4)
(5, 1)

(3, 4)

(2, 16)

45. ERROR ANALYSIS Describe and correct the error in 

writing an explicit rule for the recursive rule a1 = 6, 

an = an − 1 − 12.

an = a1 + (n − 1)d
an = 6 + (n − 1)(12)
an = 6 + 12n − 12
an = −6 + 12n

✗

46. ERROR ANALYSIS Describe and correct the error 

in writing a recursive rule for the sequence 

2, 4, 6, 10, 16, . . ..

 2, 4, 6, . . .

 + 2 + 2
The sequence is arithmetic, with fi rst term 
a1 = 2 and common diff erence d = 2.
 an = an − 1 + d
 a1 = 2, an = an − 1 + 2

✗

In Exercises 47–51, the function f represents a sequence. 
Find the 2nd, 5th, and 10th terms of the sequence. 

47. f  (1) = 3, f  (n) = f  (n − 1) + 7

48. f  (1) = −1, f  (n) = 6f  (n − 1)

49. f  (1) = 8, f  (n) = −f  (n − 1)

50. f  (1) = 4, f  (2) = 5, f  (n) = f  (n − 2) + f  (n − 1)

 51. f  (1) = 10, f  (2) = 15, f  (n) = f  (n − 1) − f  (n − 2)

 52. MODELING WITH MATHEMATICS The X-ray shows 

the lengths (in centimeters) of bones in a human hand.

2.5
3.569.5

a. Write a recursive rule for the lengths of the bones. 

b. Measure the lengths of different sections of 

your hand. Can the lengths be represented by 

a recursively defi ned sequence? Explain.

hsnb_alg1_pe_0607.indd   345hsnb_alg1_pe_0607.indd   345 2/5/15   7:53 AM2/5/15   7:53 AM



346 Chapter 6  Exponential Functions and Sequences

 53. USING TOOLS You can use a spreadsheet to generate 

the terms of a sequence.

A
=A2

B

3
2
1

4

3

=A1+2

5

C

a. To generate the terms of the sequence a1 = 3, 

an = an − 1 + 2, enter the value of a1, 3, into cell 

A1. Then enter “=A1+2” into cell A2, as shown. 

Use the fi ll down feature to generate the fi rst 

10 terms of the sequence.

b. Use a spreadsheet to generate the fi rst 10 terms 

of the sequence a1 = 3, an = 4an − 1. (Hint: Enter 

“=4*A1” into cell A2.)

c. Use a spreadsheet to generate the fi rst 10 terms of 

the sequence a1 = 4, a2 = 7, an = an − 1 − an − 2. 

(Hint: Enter “=A2-A1” into cell A3.)

54. HOW DO YOU SEE IT? Consider Squares 1–6 in 

the diagram.

12
4

5

6

3

a. Write a sequence in which each term an is the 

side length of square n.

b. What is the name of this sequence? What is the 

next term of this sequence?

c. Use the term in part (b) to add another square to 

the diagram and extend the spiral.

55. REASONING Write the fi rst 5 terms of the sequence 

a1 = 5, an = 3an − 1 + 4. Determine whether the 

sequence is arithmetic, geometric, or neither. Explain 

your reasoning.

56. THOUGHT PROVOKING  Describe the pattern for 

the numbers in Pascal’s Triangle, shown below. 

Write a recursive rule that gives the mth number 

in the nth row.

1

2

6

1

3

10

1

4
1

5
1

1

1

3

10

1

4
1

5
1

1

57. REASONING The explicit rule an = a1 + (n − 1)d 

defi nes an arithmetic sequence. 

a. Explain why an − 1 = a1 + [(n − 1) − 1]d.

b. Justify each step in showing that a recursive 

equation for the sequence is an = an − 1 + d.

 an = a1 + (n − 1)d  

 = a1 + [(n − 1) + 0]d 

 = a1 + [(n − 1) − 1 + 1]d 

= a1 + [((n − 1) − 1) + 1]d 

= a1 + [(n − 1) − 1]d + d 

= an − 1 + d 

58. MAKING AN ARGUMENT Your friend claims that 

the sequence 

 −5, 5, −5, 5, −5, . . . 

cannot be represented by a recursive rule. Is your 

friend correct? Explain.

59. PROBLEM SOLVING Write a recursive rule for 

the sequence. 

 3, 7, 15, 31, 63, . . . 

Maintaining Mathematical ProficiencyMaintaining Mathematical Proficiency
Simplify the expression. (Skills Review Handbook)

 60. 5x + 12x 61. 9 − 6y −14 62. 2d − 7 − 8d 63. 3 − 3m + 11m

Write a linear function f with the given values. (Section 4.2)

 64. f  (2) = 6, f  (−1) = −3 65. f  (−2) = 0, f  (6) = −4

 66. f  (−3) = 5, f  (−1) = 5 67. f  (3) = −1, f  (−4) = −15

Reviewing what you learned in previous grades and lessons
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