ies of Radicals
ing Quadratic Equations by Graphing

ving Quadratic Equations Using Square Roots

Solving Quadratic Equations by Completing the Square
Solving Quadratic Equations Using the Quadratic Formula
.6 Solving Nonlinear Systems of Equations

Kicker (p. 493)
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Parthenon (p. 483)



Maintaining Mathematical Proficiency

Factoring Perfect Square Trinomials

Example 1 Factor x2 + 14x + 49.
X2+ 14x + 49 = 22 + 2(x)(7) + 72 Write as a2 + 2ab + b2,

=(x+7):2 Perfect square trinomial pattern

Factor the trinomial.

1. X2+ 10x + 25 2. x2 —20x + 100 3. X2+ 12x + 36
4. x2 — 18x + 81 5. x2 + 16x + 64 6. xZ—30x + 225

Solving Systems of Linear Equations by Graphing

Example 2 Solve the system of linear equations by graphing.
y=2x+1 Equation 1

y= —%x + 8 Equation 2

Step 1 Graph each equation.

Step 2 Estimate the point of intersection.
The graphs appear to intersect at (3, 7).

Step 3 Check your point from Step 2.

Equation 1 Equation 2

y=2x+1 y=—%x+8

9

7=?2(3)+1 7 —%(3)+8
7=7¢ 7=7¢

P> The solution is (3, 7).

Solve the system of linear equations by graphing.
7. y=—-5x+3
y=2x—4

10. ABSTRACT REASONING What value of ¢ makes x> + bx + ¢ a perfect square trinomial?

Dynamic Solutions available at BigldeasMath.com




Mathematl Cal | Mathematically proficient students monitor their work and change

Pr a c'l'i ceg course as needed.

Problem-Solving Strategies

) Core Concept

478

Guess, Check, and Revise

square root of 2.

By continuing this process, you can determine that the squa
approximately 1.4142.

\.

FOAUIURRE Approximating a Solution of an

When solving a problem in mathematics, it is often helpful to estimate a solution
and then observe how close that solution is to being correct. For instance, you can
use the guess, check, and revise strategy to find a decimal approximation of the

Guess Check How to revise
1. 14 1.42=1.96 Increase guess.
2. 1.41 1.412 = 1.9881 Increase guess.
3. 1415 1.4152 = 2.002225 Decrease guess.

re root of 2 is

Equation

The graph of y = x> + x — 1 is shown. A

\y*

Approximate the positive solution of the equation

/

x2 4+ x — 1 = 0 to the nearest thousandth.

/

-
<€

2

e
2 x

SOLUTION

Llly=x2+x-1

Using the graph, you can make an initial estimate of

Ly

the positive solution to be x = 0.65.

Guess Check

0.65 0.652 + 0.65 — 1 =0.0725

0.62 0.622 + 0.62 — 1 = 0.0044

0.618 0.6182 + 0.618 — 1 = —0.000076
0.6181 0.61812 + 0.6181 — 1 = 0.00015

How to revise

Decrease guess.

Decrease guess.

Increase guess.

The solution is between 0.618 and 0.6181.

P> So, to the nearest thousandth, the positive solution of the equation is x = 0.618.

Monitoring Progress

1. Use the graph in Example 1 to approximate the negative solution
of the equation x> + x — 1 = 0 to the nearest thousandth.

2. The graph of y = x? + x — 3 is shown. Approximate both solutions

of the equation x> + x — 3 = 0 to the nearest thousandth.

Chapter 9 Solving Quadratic Equations
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Properties of Radicals

Eggenﬂa' Quegﬂon How can you multiply and divide square roots?

EXPLORATION 1 Operations with Square Roots

Work with a partner. For each operation with square roots, compare the results
obtained using the two indicated orders of operations. What can you conclude?

a. Square Roots and Addition

Is V36 + Vaequal to V36 + 647

In general, is Va + Vb equal to Va + b? Explain your reasoning.
b. Square Roots and Multiplication

Is V4 -\@equalto 497

In general, is Va Vb equal to Va « b? Explain your reasoning.
¢. Square Roots and Subtraction

Is Vo4 — \@equal to V64 — 367

In general, is Va — Vb equal to Va — b? Explain your reasoning.

d. Square Roots and Division

V100 100
Is equal to | —?
V4 4

In general, is va equal to /E? Explain your reasoning.
N \'b

REASONING
ABSTRACTLY

To be proficient in math,

you need to recognize and EXPLORATION 2 Writing Counterexamples
use counterexamples. {>

Work with a partner. A counterexample is an example that proves that a general
statement is not true. For each general statement in Exploration 1 that is not true, write
a counterexample different from the example given.

Communicate Your Answer

3. How can you multiply and divide square roots?

4. Give an example of multiplying square roots and an example of dividing square
roots that are different from the examples in Exploration 1.

5. Write an algebraic rule for each operation.
a. the product of square roots

b. the quotient of square roots

Section 9.1 Properties of Radicals 479



Core Vocabulary.

counterexample, p. 479
radical expression, p. 480
simplest form of a radical,
p. 480
rationalizing the denominator,
p. 482
conjugates, p. 482
like radicals, p. 484

Previous
radicand
perfect cube

STUDY TIP

There can be more than
one way to factor a
radicand. An efficient
method is to find the
greatest perfect

square factor.

What You Will Learn

P Use properties of radicals to simplify expressions.
P Simplify expressions by rationalizing the denominator.
P Perform operations with radicals.

Using Properties of Radicals

A radical expression is an expression that contains a radical. An expression involving
a radical with index » is in simplest form when these three conditions are met.

* No radicands have perfect nth powers as factors other than 1.
* No radicands contain fractions.
* No radicals appear in the denominator of a fraction.

You can use the property below to simplify radical expressions involving square roots.

) Core Concept

Product Property of Square Roots

Words The square root of a product equals the product of the square roots of
the factors.

Numbers V9.5 =19 .V5 =3\5
L Algebra Vab = Va o \/E, where a, b =2 0

EXAMPLE 1 Using the Product Property of Square Roots

- {> a. V108 = V36«3 Factor using the greatest perfect square factor.
=V36 «V3 Product Property of Square Roots
=6V3 Simplify.
r {> b. Vo3 =V9 e x2 e x Factor using the greatest perfect square factor.
STUDY TIP =V9 e Va2 e vx Product Property of Square Roots

In this course, whenever
a variable appears in
the radicand, assume
that it has only
‘“—nonnegative values.

480 Chapter 9

= 3xVx Simplify.

5 s N
Momformg Progress *3’” Help in English and Spanish at BigldeasMath.com
Simplify the expression.

1. V24 2. —Vs80 3. V493 4. 7515

) Core Concept

Quotient Property of Square Roots

Words The square root of a quotient equals the quotient of the square roots of
the numerator and denominator.

Algebra \/g = %, wherea 2 0and b > 0
b

Solving Quadratic Equations



STUDY TIP

To write a cube root in
simplest form, find factors
of the radicand that are
perfect cubes.

FONIMRIFE  Using the Quotient Property of Square Roots

o [15_VIS
o4 Vea
_Vis

8
b, [BL_ V8L
Y

=9

X

Quotient Property of Square Roots

Simplify.

Quotient Property of Square Roots

Simplify.

You can extend the Product and Quotient Properties of Square Roots to other radicals,
such as cube roots. When using these properties of cube roots, the radicands may

contain negative numbers.

ARSI Using Properties of Cube Roots

a. V=128 =V —64 .2
— V=64 - V2
= —4V2
b. V125x7 = V125 « 16 « x
= V125 « Va6 « Vx
= 5x2V/x

Factor using the greatest perfect cube factor.
Product Property of Cube Roots

Simplify.

Factor using the greatest perfect cube factors.

Product Property of Cube Roots
Simplify.

Quotient Property of Cube Roots

Simplify.

Quotient Property of Cube Roots

Factor using the greatest perfect cube factors.

Product Property of Cube Roots

Simplify.

. o W
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Simplify the expression.

23 _ 17
> Vo 6. 100

9. V54 10. V16x*

36 4x2
- 8 . 7
2 \ 64

a 12. 3 25c7d3

32
"Nz "\ 64
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STUDY TIP

Rationalizing the
denominator works
because you multiply
the numerator and

denominator by the same
nonzero number a, which
is the same as multiplying

“by2 or1.
ya or

LOOKING FOR
STRUCTURE

>

Notice that the product of
two conjugates aVb + cVd

and aVb — ¢Vd does not
contain a radical and is a

rational number.

(aVb + cVa)avb - ¢Vd)

= (aVb)* — (cVa)’

=a’b — c&d

482
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Rationalizing the Denominator

When a radical is in the denominator of a fraction, you can multiply the fraction by an
appropriate form of 1 to eliminate the radical from the denominator. This process is
called rationalizing the denominator.

EXAMPLE 4 Rationalizing the Denominator

V5 _ V5 Van ply by Y37
a. — . Multiply by —.
V3n  V3n V3n V3n
— Visn Product Property of Square Roots
Von2
— ﬂ Product Property of Square Roots
V9 . Va2
_Vi5n Simplify.
3n
3 3
b, % _ %2 . \3/§ Multiply by ?
Vo Vo V3 v
3
_ 23\@ Product Property of Cube Roots
V271
3
_ 2\3/§ Simplify.

The binomials aVb + ¢Vd and aVb — c\/g, where a, b, ¢, and d are rational numbers,
are called conjugates. You can use conjugates to simplify radical expressions that
contain a sum or difference involving square roots in the denominator.

EXAMPLE 5 Rationalizing the Denominator Using Conjugates

7

Simplify .
2-V3
SOLUTION
o7 2% V3 The conjugate of 2 — V3 is 2 + V3.
2-V3 2-V3 2+V3
= 7(2;\@)2 Sum and difference pattern
22— (V3)

14+ 7V3 o

== Simplify.

=14 +7V3 Simplify.

s D
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Simplify the expression.

2
13. L 14. Vio 15, 16. le
Vs V3 Vax 3
1. 35 18. 8 19. V13 2. 12
/32 1+V3 Vs =2

V24 VT
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F N ISR Solving a Real-Life Problem

The distance d (in miles) that you can see to the horizon with your eye level 4 feet
above the water is given by d = \/% . How far can you see when your eye level is

5 feet above the water?

SOLUTION
d= ? Substitute 5 for h.

= @ Quotient Property of Square Roots
V2

V15 V2 V2

= . Multiply by —.
V2 V2 V2

= @ Simplify.

} You can see @, or about 2.74 miles.

F NGRSV Modeling with Mathematics

The ratio of the length to the width of a golden rectangle is (1+V5):2. The
dimensions of the face of the Parthenon in Greece form a golden rectangle. What is
the height £ of the Parthenon?

SOLUTION

1. Understand the Problem Think of the length and height of the Parthenon as
the length and width of a golden rectangle. The length of the rectangular face is
31 meters. You know the ratio of the length to the height. Find the height 4.

2. Make a Plan Use the ratio (1 + \@) : 2 to write a proportion and solve for A.

3. Solve the Problem ! +2\/§ = % Write a proportion.
h(l + \/§) =62 Cross Products Property
h = 62 Divide each side by 1 + V5.
1+V5

h—_02 1- V5 Multiply the numerator and
1+V5 1—1/5 denominator by the conjugate.

h= 62 — 625 __32\/5 Simplify.
h=19.16 Use a calculator.
P> The height is about 19 meters.
4. Look Back # ~ 1.62 and % =~ 1.62. So, your answer is reasonable.

3 g W
Mom'l'ormg Progr‘ess *D/ Help in English and Spanish at BigldeasMath.com

21. WHAT IF? In Example 6, how far can you see when your eye level is 35 feet above
the water?

22. The dimensions of a dance floor form a golden rectangle. The shorter side of the
dance floor is 50 feet. What is the length of the longer side of the dance floor?
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STUDY TIP

Do not assume that
radicals with different
radicands cannot be
added or subtracted.
Always check to see
whether you can simplify
the radicals. In some cases,
the radicals will become
like radicals.

484
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Performing Operations with Radicals

Radicals with the same index and radicand are called like radicals. You can add and
subtract like radicals the same way you combine like terms by using the Distributive
Property.

EXAMPLE 8 Adding and Subtracting Radicals

a. 5V7 + V11 —8V7 =5V7 —8V7 + V11 Commutative Property of Addition
=(5-8)V7 + VIl Distributive Property
= -3V7 + V11 Subtract.
b. 10V5 + V20 = 10V5 + V4 « 5 Factor using the greatest perfect square factor.
=10V5 + V4 « V5 Product Property of Square Roots
=10V5 +2V5 Simplify.
= (10 + 2)\/§ Distributive Property
=12V5 Add.
c. 6Vx +2Vx = (6 + 2)Vx Distributive Property
= 8Vx Add.

EXAMPLE 9 Multiplying Radicals

Simplify V5(V3 — V75).

SOLUTION
Method 1 \/g(\f — \/%) =15 «V3 —V5 V75 Distributive Property
=V15 - V375 Product Property of Square Roots
=V15 - 5V15 Simplify.
=1 - 5)\/E Distributive Property
= -4V15 Subtract.
Method 2 V5(V3 —V75) = \/g(\@ - 5\@) Simplify V/75.
= \/§[ 1 - 5)\5] Distributive Property
= \FS(—4\/§) Subtract.
= —4V15 Product Property of Square Roots

s D
Monltorlng Progregg *)’{/ Help in English and Spanish at BigldeasMath.com

Simplify the expression.

23. 3V2 — V6 + 10V2 24. V7 — 6V63
25. 4V/5x — 11V/5x 26. V3(8V2 + 7V32)
27. (2V5 — 4) 28. V—4(V2 - V16)

Solving Quadratic Equations



Exercises

9.1

Dynamic Solutions available at BigldeasMath.com

—Vocabulary and Core Concept Check

1. COMPLETE THE SENTENCE The process of eliminating a radical from the denominator of a
radical expression is called .

2. VOCABULARY What is the conjugate of the binomial V6 + 47
. 1 2x . . .
3. WRITING Are the expressions 5@ and 5 equivalent? Explain your reasoning.

4. WHICH ONE DOESN'T BELONG? Which expression does not belong with the other three?
Explain your reasoning.

-3V6 6V3 W3 ~3V3

Monitoring Progress and Modeling with Mathematics

In Exercises 29-36, simplify the expression.
(See Example 3.)

In Exercises 5-12, determine whether the expression
is in simplest form. If the expression is not in simplest
form, explain why.

29. V16 30. V=108
1
5. V19 6. -
! 31. V=641 32. —V343n2
7. V48 8. V34 : * : "
J[ 6c J[snt
. a.
9. % 10. @ 3 \Tigs 3 27
2
[ 81,2 J21
1. 1\3F 12. 6-V54 35 10002 36. \ “gaais
2+ V2

ERROR ANALYSIS In Exercises 37 and 38, describe and

In Exercises 13-20, simplify the expression. correct the error in simplifying the expression.

(See Example 1.)

37.
13. V20 14. V32
X V72 =V4.18
15. V128 16. —V72 =Va.V1e
=2V18
17. V125b 18. Vd4a?
19. —V81m? 20. V48n® 38. .
?/ 128y _ \/128y°
In Exercises 21-28, simplify the expression. 125 125
(See Example 2.) V6422
21. \E 2. - 125
49 i Voa -2 .Yy
23. -2 24. | & izz
64 121 4y\5@
3 144 ~ 125
25. & 26. |—t
> 49 6 k2
100 2512
27. \— 28. =22
4x2 8 36

Section 9.1
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In Exercises 39—44, write a factor that you can use to
rationalize the denominator of the expression.

39, & 40.
Ve V13z

a1, % 42. 33—’"
Va2 Va

43. V2 44, >
V5 — 8 V3 +V7

In Exercises 45-54, simplify the expression.
(See Example 4.)

a5. 2 a6. -+
V2 V3
ar. VS a8 &
N \52
3 1
49. — 50. —
va Vax
2
s1. 2L s2. 18
5 303
4 1
53. 54. 3
V25 108y?

In Exercises 55-60, simplify the expression.
(See Example 5.)

55, ! 56. 2
V7 +1 5-V3

57. 10 58. Vs
7-V2 6+ Vs

59, o 60. V3
V5 —V2 V7 +V3

61. MODELING WITH MATHEMATICS The time 7 (in
seconds) it takes an object to hit the ground is given

byt = \/% where £ is the height (in feet) from which
the object was dropped. (See Example 6.)

a. How long does it take an earring to hit the ground
when it falls from the roof of the building?

b. How much sooner
does the earring hit
the ground when it is
dropped from two stories
(22 feet) below the roof? 55

486 Chapter 9 Solving Quadratic Equations

62.

63.

64.

MODELING WITH MATHEMATICS The orbital period
of a planet is the time it takes the planet to travel
around the Sun. You can find the orbital period P

(in Earth years) using the formula P = Vd?3, where
d is the average distance (in astronomical units,
abbreviated AU) of the planet from the Sun.

" Jupiter -

a. Simplify the formula.

b. What is Jupiter’s orbital period?

MODELING WITH MATHEMATICS The electric
current / (in amperes) an appliance uses is given by
the formula I = Vg’ where P is the power (in watts)

and R is the resistance (in ohms). Find the current an
appliance uses when the power is 147 watts and the
resistance is 5 ohms.

MODELING WITH MATHEMATICS You can find the
average annual interest rate r (in decimal form) of
Vo _
e
where V) is the initial investment and V,, is the
balance of the account after 2 years. Use the formula
to compare the savings accounts. In which account
would you invest money? Explain.

a savings account using the formula r =

Initial Balance after
Account | .
investment 2 years
1 $275 $293
2 $361 $382
3 $199 $214
4 $254 $272
5 $386 $406




In Exercises 65—-68, evaluate the function for the given
value of x. Write your answer in simplest form and in
decimal form rounded to the nearest hundredth.

65. h(x)=V5x;x=10 66. g(x)=V3x;x =60

67. r(x) = ,/3}(237’;6;x =4

x— 1

68. px) = "

cx =38

In Exercises 69-72, evaluate the expression when
a=-2,b=8,andc = % Write your answer in simplest
form and in decimal form rounded to the nearest
hundredth.

69. Va? + bc 70. —Vd4c — 6ab
71. —V2a? + b? 72. Vb? — dac

73. MODELING WITH MATHEMATICS The text in the
book shown forms a golden rectangle. What is the
width w of the text? (See Example 7.)

C —win.—

74. MODELING WITH MATHEMATICS The flag of Togo is
approximately the shape of a golden rectangle. What
is the width w of the flag?

42 in. |

In Exercises 75-82, simplify the expression.
(See Example 8.)

75. V3 —2V2+6V2  76. V5 —5V13 —8V5
77. 2V6 — 5V54 78. 9V32 + V2

79. V12 +6V3 +2V6  80. 3V7 —5V14 +2V28
81. V—81 +4V3 82. 6V/1281 — 2V/2r

In Exercises 83-90, simplify the expression.
(See Example 9.)

83. V2(V45 +V5) 84. V3(V72 —3V2)

85. V5(2Vex — Voox) 86. \/7y(\27y + 5V12y)
87. (4v2 —V98)’ 88. (V3 +v48)(V20 — V5)
89. V3(Va +vV32)  90. 32(Vi35 - 4V5)

91. MODELING WITH MATHEMATICS The circumference
C of the art room in a mansion is approximated by

a’+ b?

the formula C = 27

. Approximate the

circumference of the room.

92. CRITICAL THINKING Determine whether each
expression represents a rational or an irrational
number. Justify your answer.

a. 4+Ve6 b. @
V3
o > d V347
Vi2
e. #, where a is a positive integer
V1o — V2
f. ﬂ, where b is a positive integer
2b + V50?2
In Exercises 93-98, simplify the expression.
13 0
93. J—= 94. JY—
5x° 81
95. /256y 96. V1606

97. 6V9 — V9 +3V9 98. Va(¥/7 +V16)
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REASONING In Exercises 99 and 100, use the table
shown.

0 V3 |-V3| =«

PPN

2
1
4
0

V3
-V3

w

99. Copy and complete the table by (a) finding each
sum (2 +2,2+ %, etc.) and (b) finding each product
(2.2.2+ % etc.).

100. Use your answers in Exercise 99 to determine whether
each statement is always, sometimes, or never true.
Justify your answer.

a. The sum of a rational number and a rational
number is rational.

b. The sum of a rational number and an irrational
number is irrational.

¢. The sum of an irrational number and an irrational
number is irrational.

d. The product of a rational number and a rational
number is rational.

e. The product of a nonzero rational number and an
irrational number is irrational.

f. The product of an irrational number and an
irrational number is irrational.

101. REASONING Let m be a positive integer. For what
values of m will the simplified form of the expression
V27 contain a radical? For what values will it not
contain a radical? Explain.

102. HOW DO YOU SEE IT? The edge length s of a cube is
an irrational number, the surface area is an irrational
number, and the volume is a rational number. Give a
possible value of s.

103. REASONING Let a and b be positive numbers.
Explain why Vab lies between a and b on a number
line. (Hint: Let a < b and multiply each side of a < b
by a. Then let a < b and multiply each side by b.)

104. MAKING AN ARGUMENT Your friend says
that you can rationalize the denominator of the

expression by multiplying the numerator
4+V5

and denominator by 4 — V5. 1s your friend correct?

Explain.

105. PROBLEM SOLVING The ratio of consecutive

a
terms —2%

in the Fibonacci sequence gets closer and
a
n—1

. + . .
closer to the golden ratio 1 > as n increases. Find

the term that precedes 610 in the sequence.

1+V5
= 2
for each of the

106. THOUGHT PROVOKING Use the golden ratio

and the golden ratio conjugate I
following.

a. Show that the golden ratio and golden ratio
conjugate are both solutions of x> — x — 1 = 0.

b. Construct a geometric diagram that has the golden
ratio as the length of a part of the diagram.

107. CRITICAL THINKING Use the special product pattern
(a + b)(a* — ab + b?) = a® + b3 to simplify the

expression ;
Vx +1

. Explain your reasoning.

(— Mainfaining Mathematical PrOficiency Reviewing what you learned in previous grades and lessons

Graph the linear equation. Identify the x-intercept.
108.y=x—4 109. y=-2x+6

112. 32 =2* 113. 27x =36

.

Solve the equation. Check your solution. (Section 6.5)

(Section 3.5)
110, y=—3x— 1 M. y=3x+6
1\2x _ —x v — (1 X+ 2
14, (1) =216 115, 625" = (5
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MAKING SENSE
OF PROBLEMS

To be proficient in math,
you need to check your
answers to problems using
a different method and
continually ask yourself,

“Does this make sense?” {>
3

Solving Quadratic Equations

by Graphing

Esgential Q“GSﬂO” How can you use a graph to solve a quadratic

equation in one variable?

Based on what you learned about the Ay
x-intercepts of a graph in Section 3.4,
it follows that the x-intercept of the
graph of the linear equation

(The X-intercept
of the graph of |4
=X+ 2is —2.

y=ax+b 2 variables

The solution of the
2 equationx +2 =0
“lisx = —2
. L] :
1 variable - NA = 1 :
o ) -6 -4 (72’ 0) 2 4 6 x
You can use similar reasoning to |
solve quadratic equations.

k.y

is the same value as the solution of

ax+b=0.

Y

EXPLORATION 1 Solving a Quadratic Equation by Graphing

Work with a partner. \10 Ay

a. Sketch the graph of y = x? — 2x.

b. What is the definition of an
x-intercept of a graph? How many 6
x-intercepts does this graph have?
What are they?

c. What is the definition of a solution 2
of an equation in x? How many
solutions does the equation -6 |—4 |2 2 | 4 6
x? — 2x = 0 have? What are they? 2

A
<Y

d. Explain how you can verify the
solutions you found in part (c). A/

EXPLORATION 2 Solving Quadratic Equations by Graphing

Work with a partner. Solve each equation by graphing.
ax2—4=0 b. x24+3x=0

c. x2+2x=0 d 2?2—-2x+1=0
f. —x2+3x—-6=0

e x2—3x+5=0

Communicate Your Answer

. How can you use a graph to solve a quadratic equation in one variable?

4. After you find a solution graphically, how can you check your result
algebraically? Check your solutions for parts (a)—(d) in Exploration 2
algebraically.

5. How can you determine graphically that a quadratic equation has no solution?

Section 9.2 Solving Quadratic Equations by Graphing 489



Core Vocabulary
quadratic equation, p. 490

What You Will Learn

P Solve quadratic equations by graphing.
P Use graphs to find and approximate the zeros of functions.
P Solve real-life problems using graphs of quadratic functions.

Previous Solving Quadratic Equations by Graphing
x-intercept A quadratic equation is a nonlinear equation that can be written in the standard form
root ax® + bx + ¢ = 0, where a # 0.

zero of a function

In Chapter 7, you solved quadratic equations by factoring. You can also solve quadratic

490

equations by graphing.

) Core Concept

Solving Quadratic Equations by Graphing

Step 1 Write the equation in standard form, ax? + bx + ¢ = 0.
Step 2 Graph the related function y = ax? + bx + c.

Step 3  Find the x-intercepts, if any.

L The solutions, or roots, of ax* + bx + ¢ = 0 are the x-intercepts of the graph.

EXAMPLE 1 Solving a Quadratic Equation: Two Real Solutions

Solve x? + 2x = 3 by graphing.

SOLUTION
Step 1 Write the equation in standard form.
X2 +2x=3 Write original equation.
X*+2x—3=0 Subtract 3 from each side.
Step 2 Grapl; the related function \ dv 4
y=x2+2x— 3. \ 2 /
Step 3 Find the x-intercepts. <\ >
The x-intercepts are —3 and 1.
-2
P So, the solutions are x = —3 \ = x2+2x—3

and x = 1. \/

Check
X2+2x=3 Original equation x2+2x=3
? ?
(=3)2+2(-3)=3 Substitute. 124+2(1)=3

3=3 / Simplify. 3=3 /

. - N
Momtormg Progregg *»/ Help in English and Spanish at BigldeasMath.com

Solve the equation by graphing. Check your solutions.

1. x2—x—-2=0 2. X2+ 7x=-10 3.2+ x=12
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ANOTHER WAY

You can also solve the
equation in Example 2
by factoring.

x2—8+16=0
x—4)x—-4)=0

So, x = 4.

61\ yf

7

y=x2+2x+4)

-4 2 [y

xY

EXAMPLE 2 Solving a Quadratic Equation: One Real Solution

Solve x2 — 8x = —16 by graphing.

SOLUTION
Step 1 Write the equation in standard form.
X2 —8x=—16 Write original equation.
=8 +16=0 Add 16 to each side.
Step 2 Graph2 the related function Y2l 4
y =x%—8x + 16. 6 \ [

Step 3 Find the x-intercept. The only
x-intercept is at the vertex, (4, 0).

S\ /

ru=x278x+16

P So, the solution is x = 4. Y
L
I
6

A
<Y

EXAMPLE 3 Solving a Quadratic Equation: No Real Solutions
Solve —x% = 2x + 4 by graphing.
SOLUTION

Method 1  Write the equation in standard form, x2 + 2x + 4 = 0. Then graph the
related function y = x% 4+ 2x + 4, as shown at the left.

} There are no x-intercepts. So, —x* = 2x + 4 has no real solutions.

Method 2  Graph each side of the equation. J J J J X
o, Left sid [y=2x+41

y=—X eft side \) /2

y=2x+4 Right side = —x2

< pa——

P The graphs do not intersect. 2 x
So, —x2 = 2x + 4 has no real solutions. (S

i’y X

. g N
Momformg Progregg ‘3’” Help in English and Spanish at BigldeasMath.com
Solve the equation by graphing.

4. x2+ 36 =12x 5. x2+4x=0 6. x>+ 10x = —25
7. x2=3x—-3 8. X2+ 7x=—6 9. 2x+5=—x2
Concept Summary

Number of Solutions of a Quadratic Equation

A quadratic equation has:
¢ two real solutions when the graph of its related function has two x-intercepts.

¢ one real solution when the graph of its related function has one x-intercept.

¢ no real solutions when the graph of its related function has no x-intercepts.

\_
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Finding Zeros of Functions

Recall that a zero of a function is an x-intercept of the graph of the function.

FYNEEFN Finding the Zeros of a Function

Ay y The graph of f(x) = (x — 3)(x2 — x — 2) is shown. Find the zeros of f.
6 \ SOLUTION
I/ ” The x-intercepts are —1, 2, and 3.
I \ I P So, the zeros of f Check
2 I are —1, 2, and 3.

fED =1 =31 - (=D —-2]=0 \/
:4 -2, 1 f(2)=(2—3)(22_2_2):0/

4
| |7 | | =G-33-3-2=0v
(£00 = (x = 3)02 —x - 2)

-

xY

The zeros of a function are not necessarily integers. To approximate zeros, analyze the
signs of function values. When two function values have different signs, a zero lies
between the x-values that correspond to the function values.

EXAMPLE 5 Approximating the Zeros of a Function

The graph of f(x) = x2 + 4x + 1 is shown. * y;*
A i 2
pproximate the zeros of f to the nearest tenth. \
SOLUTION < 74\ ) /' p :X
There are two x-intercepts: one between —4 and —3, /
and another between —1 and 0. l l l / [
|
Make tables using x-values between —4 and —3, and [f(x) =x2+4x + 1}"
..l

between —1 and 0. Use an increment of 0.1. Look for
a change in the signs of the function values.

X -39 | —38 @ -36 | =35 | -34 | =33 | =32 | 3.1

f(x) | 0.61 024 | —=0.11| —044 | —0.75| —1.04 | —1.31 | —1.56 | —1.79

ANOTHER WAY x | =09 | -08| -07 | —06 | —05 04 ~02 | —0.1
You could approximate fO) | —1.79 | —1.56 | —1.31 | —1.04 | —0.75 | —0.44 | —0.11| 024 | 0.6l

one zero using a table

and then use the axis . &
The function values that are closest to 0 correspond

of symmetry to find P change in signs

to x-values that best approximate the zeros of the function.

the other zero.
{> } In each table, the function value closest to 0 is —0.11. So, the zeros of f
are about —3.7 and —0.3.

s D
Monltormg Pl"ogl"ess ‘}{/ Help in English and Spanish at BigldeasMath.com

10. Graph f(x) = x?> + x — 6. Find the zeros of f.
11. Graph f(x) = —x* 4+ 2x + 2. Approximate the zeros of f to the nearest tenth.
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Seconds, t | Height, h
0 2
1 61
2 88
3 83
4 46
5 -23
REMEMBER

Equations have solutions,

or roots. Graphs have
x-intercepts. Functions

have zeros.

Solving Real-Life Problems

F NN N Real-Life Application

A football player kicks a football 2 feet above the ground with an initial vertical
velocity of 75 feet per second. The function h = —162 + 75t + 2 represents the
height A (in feet) of the football after 7 seconds. (a) Find the height of the football each
second after it is kicked. (b) Use the results of part (a) to estimate when the height of
the football is 50 feet. (c) Using a graph, after how many seconds is the football

50 feet above the ground?

SOLUTION

a. Make a table of values starting with # = 0 seconds using an increment
of 1. Continue the table until a function value is negative.

} The height of the football is 61 feet after 1 second, 88 feet after 2 seconds,
83 feet after 3 seconds, and 46 feet after 4 seconds.

b. From part (a), you can estimate that the height of the football is 50 feet between
0 and 1 second and between 3 and 4 seconds.

} Based on the function values, it is reasonable to estimate that the height of the
football is 50 feet slightly less than 1 second and slightly less than 4 seconds
after it is kicked.

c. To determine when the football is 50 feet above the ground, find the #-values for
which i = 50. So, solve the equation —1672 + 75¢ + 2 = 50 by graphing.

Step 1 Write the equation in standard form.

—1682 + 75t + 2 = 50 Write the equation.
—162 + 75t —48 =0 Subtract 50 from each side.
Step 2 Use a graphing calculator to 0 (h— _16t2 + 75¢ — 48]

graph the related function
h = —16¢> + 75t — 48.

—1 |6
Step 3 Use the zero feature to find
the zeros of the function.
50 50
“1|zeroF——" \ —|6 “1lzero— 71— '\ —|6
X=.76477436 Y=0 X=3.9227256 Y=0

-10 -10

P The football is 50 feet above the ground after about 0.8 second and about
3.9 seconds, which supports the estimates in part (b).

S N
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12. WHAT IF? After how many seconds is the football 65 feet above the ground?
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9- 2 Exe rCISES Dynamic Solutions available at BigldeasMath.com

—Vocabulary and Core Concept Check
1. VOCABULARY What is a quadratic equation?

2. WHICH ONE DOESN'T BELONG? Which equation does not belong with the other three?
Explain your reasoning.

X2+ 5x =20 X+x—4=0 X2 —6=4x Tx + 12 = x2
3. WRITING How can you use a graph to find the number of solutions of a quadratic equation?

4. WRITING How are solutions, roots, x-intercepts, and zeros related?

Monitoring Progress and Modeling with Mathematics

In Exercises 5-8, use the graph to solve the equation. 19. 2= —1—2x 20 2= —x—3
5. —x*+2x+3=0 6. x2—6x+8=0
21. 4x— 12 = —x? 22, 5x—6=x*
Ay YAN A
4 3 // 23. 2 -2=—x 24. 16 + 2= —8x
/ \ 1 \\ / R 25. ERROR ANALYSIS Describe and correct the error in
N D N3/ 5 % solving x> + 3x = 18 by graphing.
-2 | 2 A 4x N ERERNN
Y vy | /N Yly=x%>—-6x+8
[ = —x2+2x + 3] X L
L
7. X2+ 8x+16=0 8. —xX*—4x—-6=0 \ /
\ A Ay BRRREY N 6 4 2
/ al -4 -2 X )
\ / 2 y=x+3x| ,
\ 21— / A /
< ‘_ N3 > | / | \ The solutions of the equation
o = | ,\\\ ‘*5 X2+ 3x=18arex=—3andx=0.
[y:x2 +8x + 16}*
[y: —x? —4x — 6}

26. ERROR ANALYSIS Describe and correct the error in

In Exercises 9-12, write the equation in standard form. solving x2 + 6x + 9 = 0 by graphing.

9. 4x2=12 10. —x2=15

INEZYY
M. 2x—x2=1 12. 5+ x =322 \\ 18’[
In Exercises 13-24, solve the equation by graphing. \ 12 } }
(See Examples 1, 2, and 3.) |y = x2 +6x + 9J
13. 2—5¢=0 14, 2 —4dx+4=0 \HT |

D -6 6 12 :x

15. 2 —=2x+5=0 16. X —6x—7=0 HE2REN
17. 2=6x—9 18. —x2=8x + 20 The solution of the equation

% +6x+9=0isx=9.
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27. MODELING WITH MATHEMATICS The height y
(in yards) of a flop shot in golf can be modeled
by y = —x2 + 5x, where
x is the horizontal
distance (in yards).

a. Interpret the
x-intercepts of the graph of the equation.

b. How far away does the golf ball land?

28. MODELING WITH MATHEMATICS The height &
(in feet) of an underhand volleyball serve can be
modeled by h = —16:2 + 30t + 4, where ¢ is the
time (in seconds).

a. Do both r-intercepts of the graph of the function
have meaning in this situation? Explain.

b. No one receives the serve. After how many
seconds does the volleyball hit the ground?

In Exercises 29-36, solve the equation by using Method 2
from Example 3.

29. x2=10— 3x 30. 2x—3=x2
31. 5x—7=x? 32. *=6x—5
33. X2+ 12x=—-20 34. x¥2+8x=9
35. —x?—-5=—-2% 36. —x?—4=—4x

In Exercises 37-42, find the zero(s) of f. (See Example 4.)

37, Ay A 38, Y
1] I
| | |
. N ANl
- 1] 3x B \ .
J/II_Z \‘v/ | —5 [-3 1x
Ny N T

[ﬁ: (x = 2)(x? + )]

(fx) = (x + 1)(x? + 6x + 8)]

39. A Ay
1|2 l/M\ x
\ 4
\[ 1/
T IA \
LA Yy Y
[f(x) =(x + 3)(—x2 + 2x — 1)}
40.
al\
A
AN
= 7 4| 6x
Y| | [ ZX]

[f(x) = (x — 5)(—x2 + 3x — 3)}

Section 9.2

41. \ \y y 42. A\zny
\ /6\\ 5 X
QS AT
v/71 \v 3 x _3
¢ | N_|
N | y YR
2

[f(x) = (x2 — 4)(x2 + 2x — 3)] [f(x) =2+ 1)(x2—x— 2)]

In Exercises 43—-46, approximate the zeros of f to the
nearest tenth. (See Example 5.)

43. \y A | 44. \ 2‘”}4
N\ / .\ 1N
< \ / > -4 \-2 i 1x

2 5x |
2
N 1
By AmEn -
(00 = X2 — 5x + 3] () = x2 +3x— 1)
45. Ay a6. [ fy
2 \
L4 // \
<7 T\ 2x [, l/ \
Vi \
Y vy /N “# 2 | 2 AF?

[f(x) = —x2+2x + 1] f(x) = —x2 + 6x — ZJ

In Exercises 47-52, graph the function. Approximate the
zeros of the function to the nearest tenth, if necessary.

47. f(x) =x*+6x+ 1 48. f(x) =x*—3x+2

49. y=—x2+4x—2 50. y=—x>+9x—6

51. f(x) =5 +2x—5 52, f(x) = —3x> + 4x + 3

53. MODELING WITH MATHEMATICS At a Civil War
reenactment, a cannonball is fired into the air with
an initial vertical velocity of 128 feet per second.
The release point is 6 feet above the ground. The
function h = —16£% + 128t + 6 represents the
height % (in feet) of the cannonball after 7 seconds.
(See Example 6.)

a. Find the height of
the cannonball each
second after it is fired.

b. Use the results of
part (a) to estimate
when the height of the
cannonball is 150 feet.

c. Using a graph, after how many seconds is the
cannonball 150 feet above the ground?
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54. MODELING WITH MATHEMATICS You throw a softball

straight up into the air with an initial vertical velocity of
40 feet per second. The release point is 5 feet above the
ground. The function h = —16£2 + 40t + 5 represents

the height % (in feet) of the softball after r seconds.
a. Find the height of the

,- S
softball each second 3 l\‘\\
after it is released. 'ty ﬁ“{ﬂl\l‘
b. Use the results of part (a)
to estimate when the height NN 3

of the softball is 15 feet.

c. Using a graph, after how many seconds
is the softball 15 feet above the ground?

MATHEMATICAL CONNECTIONS In Exercises 55 and 56,
use the given surface area S of the cylinder to find the

radius r to the nearest tenth.

56. S =750 m?

13 m

55. §=225ft

6 ft

57. WRITING Explain how to approximate zeros of a
function when the zeros are not integers.

58. HOW DO YOU SEE IT? Consider the graph shown.

ELWERF YN
\Ly:—3x+4
N
\ \ s /

SAm
y=x*[N\

- NIX

-4 [-2 [y 1N 3%

a. How many solutions does the quadratic equation

x* = —3x + 4 have? Explain.

b. Without graphing, describe what you know about

the graph of y = x2 + 3x — 4.

59.

60.

61.

62.

COMPARING METHODS Example 3 shows two
methods for solving a quadratic equation. Which
method do you prefer? Explain your reasoning.

THOUGHT PROVOKING How many different
parabolas have —2 and 2 as x-intercepts? Sketch
examples of parabolas that have these two
x-intercepts.

MODELING WITH MATHEMATICS To keep water off a
road, the surface of the road is shaped like a parabola.
A cross section of the road is shown in the diagram.
The surface of the road can be modeled by

y = —0.0017x2 4+ 0.041x, where x and y are measured
in feet. Find the width of the road to the nearest tenth
of a foot.

MAKING AN ARGUMENT A stream of water from a fire
hose can be modeled by y = —0.003x2 + 0.58x + 3,
where x and y are measured in feet. A firefighter

is standing 57 feet from a building and is holding

the hose 3 feet above the ground. The bottom of a
window of the building is 26 feet above the ground.
Your friend claims the stream of water will pass
through the window. Is your friend correct? Explain.

REASONING In Exercises 63—65, determine whether the
statement is always, sometimes, or never true. Justify
your answer.

63.

64.

65.

The graph of y = ax? + ¢ has two x-intercepts when
a is negative.

The graph of y = ax? + ¢ has no x-intercepts when
a and ¢ have the same sign.

The graph of y = ax? + bx + ¢ has more than two
x-intercepts when a # 0.

oS Maintaining Mathematical PrOfiCiency Reviewing what you learned in previous grades and lessons

Determine whether the table represents an exponential growth function, an exponential decay

5

function, or neither. Explain. (Section 6.4)
y 183 | 3 & y 2 | 8 | 32128
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ATTENDING TO
PRECISION

To be proficient in math,
you need to calculate
accurately and express
numerical answers with
a level of precision
appropriate for the
problem’s context.

>

Solving Quadratic Equations

Using Square Roots

Essential Q“GSHO” How can you determine the number of

solutions of a quadratic equation of the form ax? + ¢ = 0?

SNYSIIEN The Number of Solutions of ax2 + ¢ = 0

Work with a partner. Solve each equation by graphing. Explain how the number
of solutions of ax? + ¢ = 0 relates to the graph of y = ax? + c.

ax2—4=0 b.2x2+5=0
c. x2=0 d x2—-5=0

BEEYSIGIPA  Estimating Solutions

Work with a partner. Complete each table. Use the completed tables to
estimate the solutions of x> — 5 = 0. Explain your reasoning.

b.

a.

X x2 -5 b'¢ x2 -5
2.21 —2.21
222 —-2.22
2.23 —2.23
2.24 —2.24
2.25 —2.25
2.26 —2.26

EXPLORATION 3 Using Technology to Estimate Solutions

Work with a partner. Two equations are equivalent when they have the
same solutions.

a. Are the equations x> — 5 = 0 and x> = 5 equivalent? Explain your reasoning.

b. Use the square root key on a calculator to estimate the solutions of x> — 5 = 0.
Describe the accuracy of your estimates in Exploration 2.

¢. Write the exact solutions of x2 — 5 = (.

Communicate Your Answer

4. How can you determine the number of solutions of a quadratic equation of
the form ax? + ¢ = 0?

5. Write the exact solutions of each equation. Then use a calculator to estimate
the solutions.

a x2—2=0
b. 3x2—18=0
c. x2=8
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What You Will Learn

P Solve quadratic equations using square roots.
P Approximate the solutions of quadratic equations.

Core Vocabulary
Previous Solving Quadratic Equations Using Square Roots
squaref ro?t , Earlier in this chapter, you studied properties of square roots. Now you will use
zero of a function square Toots to solve quadratic equations of the form ax? + ¢ = 0. First isolate x2
on one side of the equation to obtain x> = d. Then solve by taking the square root
of each side.
&) Core Concept
Solutions of x2 = d
e Whend > 0, x2 = d has two real solutions, x = +Vd.
e When d = 0, x2 = d has one real solution, x = 0.
ANOTHER WAY * When d < 0, x> = d has no real solutions.

You can also solve

3x2 — 27 = 0 by factoring.
362 —9) =0 F NGRS Solving Quadratic Equations Using Square Roots
3x —3)x+3)=0

a. Solve 3x2 — 27 = 0 using square roots.

Xx=3orx= -3 {>

3x2-27=0 Write the equation.
3x2 =27 Add 27 to each side.
2=9 Divide each side by 3.
x==V9 Take the square root of each side.
x==3 Simplify.
P The solutions are x = 3 and x = —3.
b. Solve x2 — 10 = —10 using square roots.
x> —=10=-10 Write the equation.
x2=0 Add 10 to each side.
x=0 Take the square root of each side.

P> The only solution is x = 0.

¢. Solve —5x% + 11 = 16 using square roots.

—5x2+11 =16 Write the equation.
—5x2=35 Subtract 11 from each side.
2=-1 Divide each side by —5.

P The square of a real number cannot be negative. So, the equation has no

real solutions.
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STUDY TIP

Each side of the equation
(x — 1)2 = 25 is a square.
So, you can still solve by
taking the square root of
each side.

>

Check

Graph each side of the

equation and find the points of
intersection. The x-values of the
points of intersection are about
—2.65 and 2.65.

20

/

Intersection_:
X=-2.645751 [Y=15

-16

EXAMPLE 2 Solving a Quadratic Equation Using Square Roots

Solve (x — 1)? = 25 using square roots.

SOLUTION
(x—12=25 Write the equation.
x—1==5 Take the square root of each side.
x=1=*5 Add 1 to each side.

P So,thesolutionsarex =1+ 5=6andx=1—5= —4.

Check 20
Use a graphing calculator to check \

your answer. Rewrite the equation as

(x — 1)2 — 25 = 0. Graph the related S
function f(x) = (x — 1)2 — 25 and find i
Zero I

the zeros of the function. The zeros are
—4 and 6. X=—4 L Y=0
30

3 3 N\
Momtormg Progregg ‘)}/ Help in English and Spanish at BigldeasMath.com

Solve the equation using square roots.
1. =3x2=-75 2. 2 +12=10 3. 42 —15=—15
4., x+7)?2=0 5 4x—3)2=9 6. 2x+ 12 =36

Approximating Solutions of Quadratic Equations

EXAMPLE 3 Approximating Solutions of a Quadratic Equation

Solve 4x2 — 13 = 15 using square roots. Round the solutions to the nearest hundredth.

SOLUTION
4x2 - 13 =15 Write the equation.
4x% =28 Add 13 to each side.
xx=17 Divide each side by 4.
x==*V7 Take the square root of each side.
x =~ £2.65 Use a calculator.

P The solutions are x =~ —2.65 and x = 2.65.

— 3
Monltorlng Progregg ‘v/ Help in English and Spanish at BigldeasMath.com

Solve the equation using square roots. Round your solutions to the nearest
hundredth.

7. 2 +8=19 8 5x2-2=0 9. 3x2-30=4

Section 9.3 Solving Quadratic Equations Using Square Roots 499



INTERPRETING
MATHEMATICAL
RESULTS

Use the positive square
root because negative
solutions do not make
sense in this context.
Length and width

cannot be negative. {>

ANOTHER WAY

Notice that you can
rewrite the formula as

2 \/A ors~ 1.52VA.

s = W
This can help you
efficiently find the value

of s for various values

of A. {>

FONIRFN Solving a Real-Life Problem

A touch tank has a height of 3 feet. Its length @
is three times its width. The volume of the tank < !

is 270 cubic feet. Find the length and width
of the tank.

SOLUTION

The length £ is three times the width w, so £ = 3w. Write an equation using the
formula for the volume of a rectangular prism.

V = dwh Write the formula.
270 = 3w(w)(3) Substitute 270 for V, 3w for 4, and 3 for h.
270 = 9w? Multiply.
30 = w? Divide each side by 9.
V30 =w Take the square root of each side.

The solutions are V30 and —V30. Use the positive solution.

P So, the width is V30 = 5.5 feet and the length is 3V30 = 16.4 feet.

FENUIGRIN Rearranging and Evaluating a Formula

The area A of an equilateral triangle with side length s is

given by the formula A = T3s2. Solve the formula for s.

Then approximate the side length of the traffic sign that
has an area of 390 square inches.

SOLUTION
Step 1 Solve the formula for s.
A= ?Sz Write the formula.
4 _ 52 Multiply each side by kN
V3 V3
4A » .
— =y Take the positive square root of each side.
V3

Step 2 Substitute 390 for A in the new formula and evaluate.

4(390
s = 4 _ Q = 1560 = 30 Use a calculator.
\W3 V3 \ V3

P The side length of the traffic sign is about 30 inches.

. . W
Momformg Progregg ‘»’ Help in English and Spanish at BigldeasMath.com

10. WHAT IF? In Example 4, the volume of the tank is radius, r
315 cubic feet. Find the length and width of the tank.

11. The surface area S of a sphere with radius r is given

by the formula S = 4772, Solve the formula for .
Then find the radius of a globe with a surface area
of 804 square inches.
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9-3 Exe rCISES Dynamic Solutions available at BigldeasMath.com

—Vocabulary and Gore Concept Check

1. COMPLETE THE SENTENCE The equation x> = d has real solutions when d > 0.

2. DIFFERENT WORDS, SAME QUESTION Which is different? Find “both” answers.

Solve x2 = 144 using square roots. Solve x> — 144 = 0 using square roots.

Solve x> + 146 = 2 using square roots. Solve x> + 2 = 146 using square roots.

Monitoring Progress and Modeling with Mathematics

In Exercises 3-8, determine the number of real 29. 21 =15-—2x% 30. 2=4x2-5
solutions of the equation. Then solve the equation using
square roots. 31. ERROR ANALYSIS Describe and correct the error in
. . 2 Az .
3. =95 4 2= 36 solving the equation 2x* — 33 = 39 using square roots.
5. x2= —21 6. x2 =400 X 2x2 — 33 =39
2x2 =172
7. =0 8. x2=169 2 =36
In Exercises 9-18, solve the equation using square roots. .x =' 2
(See Example 1.) P The solutionis x = 6.
9. x¥*—-16=0 10. x*+6=0
32. MODELING WITH MATHEMATICS An in-ground
11. 322+ 12=0 12. x*—55=26 pond has the shape of a rectangular prism. The
pond has a depth of 24 inches and a volume of
13. 2x2—-98=0 14. —x>+9=9 72,000 cubic inches. The length of the pond is
two times its width. Find the length and width of
15. —3x2—-5=-5 16. 4x2—371 =29 the pond. (See Example 4.)
17. 4x*+10=11 18. 9 —-35=14

In Exercises 19-24, solve the equation using square
roots. (See Example 2.)

19. x+3)2=0 20. (x—1)?=4

21. (2x— 12 =281 22. (4x+52=9

23. 9x+ 1)2 =16 24, 4(x —2)2 =25

In Exercises 25-30, solve the equation using square 33. MODELING WITH MATHEMATICS A person sitting

roots. Round your solutions to the nearest hundredth. in the top row of the bleachers at a sporting event

(See Example 3.) drops a pair of sunglasses from a height of 24 feet.

25. 2+6=13 26. 2+ 11 =24 The function h = —16x? + 24 represents the height &
(in feet) of the sunglasses after x seconds. How long

27. 22 —9 =11 28. 52+2=6 does it take the sunglasses to hit the ground?
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34.

35.

36.

37.

38.

Factor the polynomial.

45, x>+ 8x+ 16

48. x?2 + 18x + 81

MAKING AN ARGUMENT Your friend says that the
solution of the equation x2 + 4 = 0 is x = 0. Your

cousin says that the equation has no real solutions.
Who is correct? Explain your reasoning.

MODELING WITH MATHEMATICS The design of a
square rug for your living room is shown. You want
the area of the inner square to be 25% of the total area
of the rug. Find the side length x of the inner square.

6 ft

MATHEMATICAL CONNECTIONS The area A of a
circle with radius 7 is given by the formula A = 772,
(See Example 5.)

a. Solve the formula for r.

b. Use the formula from part (a) to find the radius of
each circle.

A=113ft2 A=1810in2 A =531m?

c. Explain why it is beneficial to solve the formula
for r before finding the radius.

WRITING How can you approximate the roots of a
quadratic equation when the roots are not integers?

WRITING Given the equation ax? + ¢ = 0, describe
the values of a and ¢ so the equation has the following
number of solutions.

a. two real solutions
b. one real solution

c. no real solutions

39.

40.

41.

42.

43.

44.

REASONING Without graphing, where do the graphs
of y = x2and y = 9 intersect? Explain.

HOW DO YOU SEE IT? The graph represents the
function f(x) = (x — 1)2. How many solutions does
the equation (x — 1)2 = 0 have? Explain.

Aot 4
\ /

A
xY

REASONING Solve x? = 1.44 without using a
calculator. Explain your reasoning.

THOUGHT PROVOKING The quadratic equation
ax*+bx+c=0
can be rewritten in the following form.

b )2 b2 — dac
_|_ - = —
(x 2a 442

Use this form to write the solutions of the equation.

REASONING An equation of the graph shown is
y= %(x — 2)2 + 1. Two points on the parabola
have y-coordinates of 9. Find the x-coordinates of
these points.

NV, 4

A

>
X

CRITICAL THINKING Solve each equation without
graphing.

a. x> — 12x + 36 = 64
b. x>+ 14x + 49 = 16

oS Mainfaining Mathema'ﬂcal PrOfiCiency Reviewing what you learned in previous grades and lessons

(Section 7.7)
46. x> —4x+4

49. x2+ 12x + 36

47. x* — 14x + 49

50. x> —22x + 121
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9.1-9.3 What Did You Learn?

Core Vocabulary

counterexample, p. 479 conjugates, p. 482
radical expression, p. 480 like radicals, p. 484
simplest form of a radical, p. 480 quadratic equation, p. 490

rationalizing the denominator, p. 482

Core Concepts

Section 9.1

Product Property of Square Roots, p. 480 Rationalizing the Denominator, p. 482
Quotient Property of Square Roots, p. 480 Performing Operations with Radicals, p. 484
Section 9.2

Solving Quadratic Equations by Graphing, p. 490 Finding Zeros of Functions, p. 492

Number of Solutions of a Quadratic Equation, p. 491

Section 9.3

Solutions of x2 = d, p. 498
Approximating Solutions of Quadratic Equations, p. 499

Mathematical Practices

1. For each part of Exercise 100 on page 488 that is sometimes true, list all examples and
counterexamples from the table that represent the sum or product being described.

2. Which Examples can you use to help you solve Exercise 54 on page 4967

3. Describe how solving a simpler equation can help you solve the equation in Exercise 41
on page 502.

Do you ever feel frustrated or overwhelmed by math?
You're not alone. Just take a deep breath and assess the
situation. Try to find a productive study environment,
review your notes and the examples in the textbook, and
ask your teacher or friends for help.




Simplify the expression. (Section 9.1)

1. V1123 2. %%— 3. V=625
4 144 S4xt
5, 6. |-t 7. 3
V11 13 343y5
6 10
9. 10. 25 +7vV10 -3v20 11, —
5+V3 V8 — V1o

Use the graph to solve the equation. (Section 9.2)
13. 2 —-2x—3=0 14. 2 —-2x+3=0

Ay

N2

6
o

A
\ 2
\

T

\ /

A

2_2x+3

@
)
<
x

A

x Y

SN
[N |
[
[P

Solve the equation by graphing. (Section 9.2)
16. X2+9x+14=0 17. 22 —7x=38

Solve the equation using square roots. (Section 9.3)

19. 42 =64 20. -3x*2+6=10

4. 12

V32

4x2

28y47°

12. V6(7V12 — 4V3)

15. 2+ 10x+25=0

22. Explain how to determine the number of real solutions of x> = 100 without solving.

(Section 9.3)

23. The length of a rectangular prism is four times its width. The volume of
the prism is 380 cubic meters. Find the length and width of the prism.
(Section 9.3)

(Section 9.2)

of 12 feet?
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{y:x2+10x+25 21—
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18. x +4 = —x2
21, (x— 82 =1
5m

24. You cast a fishing lure into the water from a height of 4 feet
above the water. The height /£ (in feet) of the fishing lure after
t seconds can be modeled by the equation h = — 1672 + 24t + 4.

a. After how many seconds does the fishing lure reach a height

b. After how many seconds does the fishing lure hit the water?



Solving Quadratic Equations by

Completing the Square

Essential Q“GSﬂO” How can you use “completing the square” to

solve a quadratic equation?

EXPLORATION 1 Solving by Completing the Square

Work with a partner.
il __,
_+

a. Write the equation modeled °
by the algebra tiles. This is
the equation to be solved.

b. Four algebra tiles are added to
the left side to “complete the
square.” Why are four algebra
tiles also added to the right side?

I
=@
0

c. Use algebra tiles to label the
dimensions of the square on
the left side and simplify on
the right side.

d. Write the equation modeled by
gllé }F(’IFIQ\IOG BE E |I\\I/|SSE the algebra tiles so that the left

side is the square of a binomial.
To be proficient in math, Solve the equation using square roots.
you need to explain to

If the meaning of T
Y roblem. After that, you SEGIYSIIPY  solving by Completing the Square

need to look for entry

Work with a partner. °

a. Write the equation modeled

points to its solution. {>
by the algebra tiles.

b. Use algebra tiles to “complete

the square.” -
_+ )
_+ )

c. Write the solutions of the equation.

d. Check each solution in the
original equation.

Communicate Your Answer

3. How can you use “completing the square” to solve a quadratic equation?
4. Solve each quadratic equation by completing the square.

a. x2—2x=1 b. x2—4x=—1 c. xX>+4x=-3
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94 Lesson What You Will Learn

P Complete the square for expressions of the form x2 + bx.

P Solve quadratic equations by completing the square.

Core Vocabulary
completing the square, p. 506 >

P Find and use maximum and minimum values.

Solve real-life problems by completing the square.
Previous

perfect square trinomial Completing the Square

coefficient

maximum value

minimum value

vertex form of a quadratic

e Gy Core Concept

Completing the Square

Words To complete the square for an expression of the form x% + bx, follow
these steps.

For an expression of the form x% 4+ bx, you can add a constant ¢ to the expression
so that x2 + bx + c is a perfect square trinomial. This process is called completing
the square.

Step 1 Find one-half of b, the coefficient of x.

{> Step 2 Square the result from Step 1.
JUSTIFYING Step 3 Add the result from Step 2 to x2 + bx.
STEPS : : o
Factor the resulting expression as the square of a binomial.
In each diagram below, 5 5
the combined area of the Algebra 2 + bx + (Q) — (x + 2)
shaded regions is x2 + bx. 2 2
2
Adding (g) completes ) _
the square in the second FONUILRRE Completing the Square

diagram. Complete the square for each expression. Then factor the trinomial.
X l,) a. x2 + 6x b. x* — 9x
|
X X2 bx SOLUTION
! a. Step1 Find one-half of b. g - g =3
: : Step 2 Square the result from Step 1. 32=9
|
S Step 3  Add the result from Step 2 to x2 + bx. x>+ 6x+9
‘ P 2+6x+9=(x+3)2
b b_ -9
X 2 b. Step 1 Find one-half of b. 5=
b -9\2 81
X X2 (E X Step 2 Square the result from Step 1. (7) =T
— Step3  Add the result from Step 2 to x* + bx. 2= Ox + %
2 G | G
=1 (5)x = 2
2 2 2] 81 _ 9
R | 2 x2—9x+Z—(x—5)

_ N
Momtormg Progress ‘)‘” Help in English and Spanish at BigldeasMath.com

Complete the square for the expression. Then factor the trinomial.

1. X2+ 10x 2. X2 — 4x 3. X2+ Tx

506 Chapter 9 Solving Quadratic Equations



COMMON ERROR

When completing the
square to solve an
equation, be sure to add

b 2
(5) to each side of the

equation. {>

COMMON ERROR

Before you complete the
square, be sure that the
coefficient of the x2-term

is 1. {>

Solving Quadratic Equations by Completing
the Square

The method of completing the square can be used to solve any quadratic equation. To
solve a quadratic equation by completing the square, you must write the equation in
the form x2 + bx = d.

YN EEFN solving a Quadratic Equation: x2 + bx = d

Solve x2 — 16x = —15 by completing the square.

SOLUTION
x2—16x = —15 Write the equation.

Complete the square by adding (%w)z

2 —8)2 = — —8)?
X 16x (787 = —15 (78 e o each side.

(x — 8)2=49 Write the left side as the square of a binomial.
x—8==7 Take the square root of each side.
x=8%7 Add 8 to each side.

P Thesolutionsarex =8 +7 =15andx =8 — 7 = 1.

Check
x2 — l6x = —15 Original equation x2 — l6x = —15
9
152 — 16(15) = —15 Substitute. 12— 16(1) = —15

—15=-15 ¢ Simplify. “15=-15 ¢

[

EXAMPLE 3 Solving a Quadratic Equation: ax? + bx + c=0

Solve 2x2 + 20x — 8 = 0 by completing the square.

SOLUTION
2x2+20x—8=0 Write the equation.
2x2 +20x = 8 Add 8 to each side.
X2+ 10x =4 Divide each side by 2.

Complete the square by adding (12—0)2

24+ 10x + 52 =4 + 57
. Ox+5 > or 52, to each side.

(x+5?2=29 Write the left side as the square of a binomial.
x+5==V29 Take the square root of each side.
x=-5+V29 Subtract 5 from each side.

P The solutions are x = —5 + V29 =039 andx = —5 — V29 =~ —10.39.

. 3 N
Monltormg Progress *D/ Help in English and Spanish at BigldeasMath.com

Solve the equation by completing the square. Round your solutions to the nearest
hundredth, if necessary.

4, x2-2x=3 5. m2+ 12m = =8 6. 3g2—24g+27=0
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Check

— 2 _
y =x°+4x 110

Minimum
X=-2 Y=-5

STUDY TIP

Adding 1 inside the
parentheses results in
subtracting 1 from the right

side of the equation. {>

Finding and Using Maximum and Minimum Values

One way to find the maximum or minimum value of a quadratic function is to write
the function in vertex form by completing the square. Recall that the vertex form of a
quadratic function is y = a(x — h)?> + k, where a # 0. The vertex of the graph is (#, k).

EXAMPLE 4 Finding a Minimum Value

Find the minimum value of y = x% 4+ 4x — 1.

SOLUTION
Write the function in vertex form.
y=x2+4x—1 Write the function.
y+1=x>+4x Add 1 to each side.
y+1+4=x2+4x+4 Complete the square for x2 + 4x.
y+5=x2+4x+4 Simplify the left side.
y+5=(x+2)? Write the right side as the square of a binomial.
y=@x+2?>*-5 Write in vertex form.

The vertex is (—2, —5). Because a is positive (a = 1), the parabola opens up
and the y-coordinate of the vertex is the minimum value.

} So, the function has a minimum value of —5.

EXAMPLE 5 Finding a Maximum Value

Find the maximum value of y = —x% + 2x + 7.
SOLUTION
Write the function in vertex form.
y=—x*+2x+7 Write the function.
y—7=—x>+2x Subtract 7 from each side.
y—T7=—x%*—2x) Factor out —1.
y=T7—1=~-x2=-2x+1) Complete the square for x? — 2x.
y—8=—*—-2x+1) Simplify the left side.
y—8=—(x—1)7? Write X2 — 2x + 1 as the square of a binomial.
y=—(x—12+8 Write in vertex form.
The vertex is (1, 8). Because a is negative (a = — 1), the parabola opens down

and the y-coordinate of the vertex is the maximum value.

} So, the function has a maximum value of 8.

. . W
Momtormg Progregg ‘)\” Help in English and Spanish at BigldeasMath.com

Determine whether the quadratic function has a maximum or minimum value.
Then find the value.

7. y=—x*—4x+4 8. y=x2+12x+ 40 9. y=x2—2x—2
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Ay

A

Y

f) = —2(x+472+38
g)=—(x—5%2+9
m(x) = (x — 3)(x — 12)

px) = —(x—2)(x—8)

STUDY TIP

Adding 9 inside the
parentheses results in
subtracting 144 from
the right side of the
equation.

xY

EXAMPLE 6 Interpreting Forms of Quadratic Functions

Which of the functions could be represented by the graph? Explain.
SOLUTION

You do not know the scale of either axis. To eliminate functions, consider the
characteristics of the graph and information provided by the form of each function.
The graph appears to be a parabola that opens down, which means the function has
a maximum value. The vertex of the graph is in the first quadrant. Both x-intercepts
are positive.

* The graph of f opens down because a < 0, which means f has a maximum value.
However, the vertex (—4, 8) of the graph of fis in the second quadrant. So, the
graph does not represent f.

* The graph of g opens down because a < 0, which means g has a maximum
value. The vertex (5, 9) of the graph of g is in the first quadrant. By solving
0= —(x — 5)2+ 9, you see that the x-intercepts of the graph of g are 2 and 8.
So, the graph could represent g.

* The graph of m has two positive x-intercepts. However, its graph opens up because
a > 0, which means m has a minimum value. So, the graph does not represent m.

e The graph of p has two positive x-intercepts, and its graph opens down because
a < 0. This means that p has a maximum value and the vertex must be in the first
quadrant. So, the graph could represent p.

P> The graph could represent function g or function p.

FINNGNFN Real-Life Application

The function y = —16x2 + 96x represents the height y (in feet) of a model rocket x
seconds after it is launched. (a) Find the maximum height of the rocket. (b) Find and
interpret the axis of symmetry.

SOLUTION
a. To find the maximum height, identify the maximum value of the function.
y = —16x% + 96x Write the function.
y = —16(x* — 6x) Factor out —16.
y — 144 = —16(x2 — 6x + 9) Complete the square for x2 — 6x.
y = —16(x — 3)2 + 144 Write in vertex form.

P> Because the maximum value is 144, the model rocket reaches a maximum
height of 144 feet.

b. The vertex is (3, 144). So, the axis of symmetry is x = 3. On the left side of x = 3,
the height increases as time increases. On the right side of x = 3, the height
decreases as time increases.

Moniforing Progregs ‘)\/\/ Help in English and Spanish at BigldeasMath.com

Determine whether the function could be represented by the graph in Example 6.
Explain.

10. A(x) = (x — 8)>+ 10 1. n(x) = —2(x — 5)(x — 20)
12. WHAT IF? Repeat Example 7 when the function is y = —16x2 + 128x.
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Solving Real-Life Problems

F NGRS Modeling with Mathematics

—3 ft— ) You decide to use chalkboard paint to create a chalkboard on a door. You want the
s , width of chalkboard to cover 6 square feet and to have a uniform border, as shown. Find the
bc;r?ter, width of the border to the nearest inch.
SOLUTION
7 ft o 1. Understand the Problem You know the dimensions (in feet) of the door from

the diagram. You also know the area (in square feet) of the chalkboard and that
it will have a uniform border. You are asked to find the width of the border to the
nearest inch.

~ chalkboard

. Make a Plan Use a verbal model to write an equation that represents the area of
the chalkboard. Then solve the equation.

3. Solve the Problem

Let x be the width (in feet) of the border, as shown in the diagram.

Area of Length of Width of
chalkboard = chalkboard . chalkboard
(square feet) (feet) (feet)
6 = (7 — 2x) . (3 — 2x)
6 =(7—2x)(3 — 2x) Write the equation.
6 =21 — 20x + 4x2 Multiply the binomials.
—15 = 4x? — 20x Subtract 21 from each side.
15 _ o .. .
T =X —5x Divide each side by 4.
—% + 24—5 =x?—5x+ % Complete the square for x> — 5x.
% =x2—5x+ % Simplify the left side.
% = (x - %)2 Write the right side as the square of a binomial.
=+ % =x— % Take the square root of each side.
% + \/g =x Add ; to each side.

. . _5 5 5 _ 5~
The solutions of the equation are x = 5 + \/; ~4.08andx =3 \/; ~ 0.92.

It is not possible for the width of the border to be 4.08 feet because the width of the

door is 3 feet. So, the width of the border is about 0.92 foot.

12 in.
1 ft

P The width of the border should be about 11 inches.

0.92 ff » = 11.04 in. Convert 0.92 foot to inches.

4. Look Back When the width of the border is slightly less than 1 foot, the length
of the chalkboard is slightly more than 5 feet and the width of the chalkboard is
slightly more than 1 foot. Multiplying these dimensions gives an area close to
6 square feet. So, an 11-inch border is reasonable.

. s W
Monltormg Progresg 4)\’/ Help in English and Spanish at BigldeasMath.com

13. WHAT IF? You want the chalkboard to cover 4 square feet. Find the width of the
border to the nearest inch.
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9-4 Exe rCISES Dynamic Solutions available at BigldeasMath.com

—Vocabulary and Gore Concept Check

1. COMPLETE THE SENTENCE The process of adding a constant ¢ to the expression x? + bx so that
x2 4 bx + c is a perfect square trinomial is called

2. VOCABULARY Explain how to complete the square for an expression of the form x? + bx.

3. WRITING Is it more convenient to complete the square for x> + bx when b is odd or when b is even?
Explain.

4. WRITING Describe how you can use the process of completing the square to find the maximum or
minimum value of a quadratic function.

Monitoring Progress and Modeling with Mathematics

In Exercises 5-10, find the value of ¢ that completes 24. MODELING WITH MATHEMATICS Some sand art
the square. contains sand and water sealed in a glass case, similar
to the one shown. When the art is turned upside down,
5. X2 -8 +c¢ 6. x2—2x+c

the sand and water fall to create a new picture. The
glass case has a depth of 1 centimeter and a volume

2 2
1 ¥+dxrtc 8 x+1x+c of 768 cubic centimeters.

9. x2—15x+¢ 10. 2 +9%x +c¢

In Exercises 11-16, complete the square for the
expression. Then factor the trinomial. (See Example 1.)

11. 22— 10x 12. x? — 40x
13. X2+ 16x 14. x2 + 22x

a. Write an equation that represents the volume of
15. X2 + 5x 16. x2 — 3x the glass case.

b. Find the dimensions of the glass case by

In Exercises 17-22, solve the equation by completing the .
completing the square.

square. Round your solutions to the nearest hundredth,

if necessary. (See Example 2.
¥ ple 2.) In Exercises 25-32, solve the equation by completing the

17. X2+ 14x =15 18. X2 —6x=16 square. Round your solutions to the nearest hundredth,

if necessary. (See Example 3.)

19. 22 —4x= -2 20. x2+2x=5
25. 2—-8x+15=0 26. x2+4x—21=0

21. x2—5x=8 22, X2+ 1lx=-10
27. 2x2+20x+44=0 28. 3x2—18x+12=0
23. MODELING WITH MATHEMATICS The area of the

3,2 _ - _
patio is 216 square feet. 29. —3x" —24x + 17 = —40

a. Write an equation
that represents the
area of the patio.

30. —5x2—20x +35=30

31. 2x2— 14x + 10 =26

b. Find the dimensions of
the patio by completing
the square.

32. 42+ 12x—15=5

x ft
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33. ERROR ANALYSIS Describe and correct the error in
solving x2 + 8x = 10 by completing the square.

2+ 8x=10
x2+ 8x+ 16 =10

(x+4)2=10
x+4=xV10
x=—4xV10

34. ERROR ANALYSIS Describe and correct the error in
the first two steps of solving 2x> — 2x — 4 = 0 by
completing the square.

X 2x2—2x—4=0
2x% —2x=4

2x2—2x+1=4+1

35. NUMBER SENSE Find all values of b for which
x2 + bx + 25 is a perfect square trinomial. Explain
how you found your answer.

36. REASONING You are completing the square to solve
3x2 + 6x = 12. What is the first step?

In Exercises 37-40, write the function in vertex form
by completing the square. Then match the function with
its graph.

37. y=x2+6x+3 38. y=—-x2+8x—12

39. y=-—x>—4x—2 40. y=x>—2x+4

A. Ay B. Ay
L4 2
F2 < >
/ \ —-af -2 \| 1%
< > -2
1/ 315 \x
y v [N 14 Ll
C Ay D. [\ [ [ 4y
\ / 6\ -2 -2 | x
4
) \ ' f
< 5 \
=2 [y [ 2] 4&x R

In Exercises 41-46, determine whether the quadratic
function has a maximum or minimum value. Then find
the value. (See Examples 4 and 5.)

41. y=x*—4x—2 42. y=x*+6x+ 10
43. y=—x2—10x—30 44. y= —x>+ 14x — 34
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45. f(x) = —3x2—6x—9 46. f(x)=4x>—28x+ 32

In Exercises 47-50, determine whether the graph could
represent the function. Explain.

47. y=—(x+8)(x+3) 48. y=(x—5)

Ay AY

49. y=4(x+272—4 50. y= —2(x— (x+2)

y y

In Exercises 51 and 52, determine which of the
functions could be represented by the graph. Explain.
(See Example 6.)

>t Moo = +22+3
) =2(x + 32— 2
L 8= 3~ 8)(x —4)
Y m(x) = (x + 2)(x + 4)
52. Ay

rx) = —3(x— S+ 1)
p(x) = =2(x — 2)(x — 6)

X qx)=@x+1)?>+4

Y nx)=—x—22+9

53. MODELING WITH MATHEMATICS The function
h = —161> + 48t represents the height A (in feet) of a
kickball ¢ seconds after it is kicked from the ground.
(See Example 7.)

a. Find the maximum height of the kickball.

b. Find and interpret the axis of symmetry.



54. MODELING WITH MATHEMATICS In Exercises 59-62, solve the equation by completing
You throw a stone from a height the square. Round your solutions to the nearest
of 16 feet with an initial vertical hundredth, if necessary.

velocity of 32 feet per second. The
function h = —16£2 + 32t + 16
represents the height 4 (in feet)

of the stone after ¢ seconds.

a. Find the maximum height
of the stone.

b. Find and interpret the axis
of symmetry.

55. MODELING WITH MATHEMATICS You are building a

rectangular brick patio surrounded by a crushed stone 64.

border with a uniform width, as shown. You purchase
patio bricks to cover 140 square feet. Find the width
of the border. (See Example 8.)

x ft x ft

6 ft

56. MODELING WITH MATHEMATICS
You are making a poster xin.
that will have a uniform b—22 in.—H

border, as shown. The Fxin.

total area of the poster HEAR US

is 722 square inches.

Find the width of the by 65.

28 in.

border to the nearest inch. //7 ’§
78y

GO LIONS

MATHEMATICAL CONNECTIONS In Exercises 57 and 58,
find the value of x. Round your answer to the nearest
hundredth, if necessary.

57. A= 108 m? 58. A =288in.2
] L]
xm 3xin.
1 []
(x+6)m (2x + 10) in.

59.

61.

63.

05x2+x—2=0 60. 0.75x2+ 1.5x =4

%x—§x2=—% 62. 12+ 1x—
PROBLEM SOLVING The distance d (in feet) that it
takes a car to come to a complete stop can be modeled
by d = 0.05s2 + 2.2s, where s is the speed of the car
(in miles per hour). A car has 168 feet to come to a
complete stop. Find the maximum speed at which the
car can travel.

PROBLEM SOLVING During a “big air” competition,
snowboarders launch themselves from a half-pipe,
perform tricks in the air, and land back in the
half-pipe. The height / (in feet) of a snowboarder
above the bottom of the half-pipe can be modeled

by h = —16¢* + 24t + 16.4, where t is the time

(in seconds) after the snowboarder launches into

the air. The snowboarder lands 3.2 feet lower than the
height of the launch. How long is the snowboarder in
the air? Round your answer to the nearest tenth of

a second.

Initial vertical
velocity = 24 ft/sec 16.4 ft

CFoss section of a half-pipe

PROBLEM SOLVING You have 80 feet of fencing
to make a rectangular horse pasture that covers
750 square feet. A barn will be used as one side of
the pasture, as shown.

a. Write equations for the amount of fencing to be
used and the area enclosed by the fencing.

b. Use substitution to solve the system of equations
from part (a). What are the possible dimensions of
the pasture?
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66. HOW DO YOU SEE IT? The graph represents the
quadratic function y = x2 — 4x + 6.

My A
\ [
6
N
2
TV 2 4 6x

a. Use the graph to estimate the x-values for which
y=3.

b. Explain how you can use the method of
completing the square to check your estimates
in part (a).

67. COMPARING METHODS Consider the quadratic
equation x> + 12x + 2 = 12.

a. Solve the equation by graphing.
b. Solve the equation by completing the square.

¢. Compare the two methods. Which do you prefer?
Explain.

68. THOUGHT PROVOKING Sketch the graph of the
equation x> — 2xy + y> — x — y = 0. Identify

the graph.

69. REASONING The product of two consecutive even
integers that are positive is 48. Write and solve an
equation to find the integers.

70. REASONING The product of two consecutive odd
integers that are negative is 195. Write and solve an

equation to find the integers.

71.

72.

73.

74.

MAKING AN ARGUMENT You purchase stock for

$16 per share. You sell the stock 30 days later for
$23.50 per share. The price y (in dollars) of a share
during the 30-day period can be modeled by

y = —0.025x% + x + 16, where x is the number of
days after the stock is purchased. Your friend says you
could have sold the stock earlier for $23.50 per share.
Is your friend correct? Explain.

REASONING You are solving the equation

x% 4+ 9x = 18. What are the advantages of solving the
equation by completing the square instead of using
other methods you have learned?

PROBLEM SOLVING You are knitting a rectangular
scarf. The pattern results in a scarf that is 60 inches
long and 4 inches wide. However, you have enough
yarn to knit 396 square inches. You decide to increase
the dimensions of the scarf so that you will use all
your yarn. The increase in

the length is three times
the increase in the
width. What are
the dimensions

of your scarf?

WRITING How many solutions does x> + bx = ¢ have

b 2
when ¢ < _(E) 7 Explain.

(— Maintaining Mathemafical PrOficiency Reviewing what you learned in previous grades and lessons

Write a recursive rule for the sequence. (Section 6.7)
75. a,\ 76. a,j T 77.  a,}
(4, 24) -
30 i (4, 25) 24 0 3 7 T
(3, 20) (4, -8)
20 16 (3, 12) 813, -12)
(2, 15)7 ?
10 ‘ 8 — —16 (2, —16)7
L (1,10) (2, 6) -
ol 5 NEE RN y %0, —20)
0 2 4 'n 0 2 4 'n
Simplify the expression V b2 — dac for the given values. (Section 9.1)
78. a=3,b=—6,c=2 79. a=-2,b=4,c=1 80. a=1,b=6,c=4
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Solving Quadratic Equations

Using the Quadratic Formula

Essential Q“GSHO” How can you derive a formula that can be used

to write the solutions of any quadratic equation in standard form?

EXPLORATION 1 Deriving the Quadratic Formula

Work with a partner. The following steps show a method of solving
ax?> + bx + ¢ = 0. Explain what was done in each step.

ax>?+bx+c=0 4—(1 . Write the equation]

4a’x* + 4abx + 4ac = 0 <—(2.What was done?]
4a’c* + 4abx + dac + b* = b? <—[3.What was done?]
4a%x* + 4abx + b2 = b* — 4ac <—(4.What was done?]

(2ax + b)? = b% — 4ac <—[5.What was done?]

2ax + b = £Vb? — dac <—(6.What was done?]

2ax = —b = Vb2 — 4ac <—[7.What was done?]

_ Vp2 —
Quadratic Formula: x = W <—[8.What was done?]

EXPLORATION 2 Deriving_the Quadratic Formula by
Completing the Square
Work with a partner.

a. Solve ax? + bx + ¢ = 0 by completing the square. (Hint: Subtract ¢ from each
side, divide each side by a, and then proceed by completing the square.)

b. Compare this method with the method in Exploration 1. Explain why you think
4a and b? were chosen in Steps 2 and 3 of Exploration 1.

Communicate Your Answer
USING TOOLS

STRATEGICALLY 3. How can you derive a formula that can be used to write the solutions of any

. . quadratic equation 