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Learning Target

Success Criteria

Focus of a Parabola

EXPLORE

e
823

.

Math Practice

Construct Arguments
How does the shape of a
parabola change as you
move the focus closer and
farther away from the
vertex of the parabola?

GO DIGITAL
Graph and write equations of parabolas.
e | can explain the relationships among the focus, the directrix,
and the graph of a parabola.
* | can graph parabolas.
* | can write equations of parabolas.
IT! | Analyzing Graphs of Parabolas
Work with a partner. Use dashes along the bottom of a piece of lined paper
to mark and number equidistant points from —5 to 5 as shown. These dashes
represent the units along the x-axis. Plot a point F(0, 2) that is two units
above (. Draw a line through F to represent the y-axis.
a. Fold the paper so the point O (bottom of page) is on top of the plotted point.
Unfold the paper and describe the line represented by the fold you made.
b. Repeat the process in part (a) with the points 1 and —1, 2 and —2, and
so on. The diagrams below show the fold for the point 1. After you are
done, examine the folds. What do you notice?
y 3
X
FO.2) | F0,2)}
-5 L4 B 2 -1 -5 -4 -3 -2 - 5 213 4 5
) ¢. On each fold for the points 0, 1, and 2, use the Pythagorean Theorem to find

and label a point (x, y) that is equidistant from F and the x-axis. Then find an
equation that represents the curve that passes through these points.

d. The parabola below represents the cross section of a satellite dish. When
vertical rays enter the dish and hit the parabola, they reflect at the same angle
at which they entered as shown. Draw the reflected rays so that they intersect
the y-axis. What do you notice?

outgoing
angle

N 4+

>
X

e. The optimal location for the receiver of the satellite dish in part (d) is at a
point called the focus of the parabola. Determine the location of the focus.
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Exploring the Focus and Directrix

Previously, you learned that the graph of a quadratic function is a

parabola that opens up or down. A parabola can also be defined as the set

of all points (x, y) in a plane that are equidistant from a fixed point called the
focus and a fixed line called the directrix.

GO DIGITAL

Vocabulary

focus, p. 64
directrix, p. 64

e The focus is in the interior of the A axis of
parabola and lies on the axis of symmetry
symmetry.

focus |
* The vertex lies halfway between

the focus and the directrix.

vertex |
* The directrix is perpendicular to

the axis of symmetry. directrix

EXAMPLE 1 Deriving an Equation

STUDY TIP Write an equation of the parabola with focus AY

The distance from a F(0, 2) and directrix y = —2.

point to a line is defined KO, 2)9

as the length of the SOLUTION - P(X,!)

perpendlcul.ar segment. The vertex is halfway between the focus h x

from the point to the line. and the directrix, at (0, 0). Notice the line B 1 .
segments drawn from point F' to point P and D(x, —2)
from point P to point D. By the definition of Y

a parabola, these line segments, PD and PF,
must be congruent.

PD = PF Definition of a parabola

5 5 Write expressions for the
[y = (=] =Va2+ 2 -y

lengths of the line segments.

REMEMBER ko i
+22=x24(2 - ide.
You can use the (6% ) =x*+( y) Square each side
Pythagorean Theorem V2+4y+4=x2+4—4y+y? Expand.
to find distances in the
coordinate plane_ 8y = x2 Combine like terms.
F y= %xz Divide each side by 8.

PF

2 — y}_‘ . . 1
P> So, an equation of the parabola is y = gxz.
X P

SELF_ASS ESSM ENT 1 Idonotunderstand. = 2 Icandoitwithhelp. '3 lcandoitonmyown. 4 Ican teach someone else.

1. Write an equation of the parabola with focus F(0, —3) and

Ay
directrix y = 3. P D(x, 3)
3|
2. WRITING Explain how to find the coordinates of the focus of a parabola
with vertex (0, 0) and directrix y = 5. j/ >
P
F(0, —3)1
Y
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You can derive the equation of a parabola that opens up or down with
vertex (0, 0), focus (0, p), and directrix y = —p using the procedure
in Example 1.

Ay ly = (=p)| = Vx> + (p — y?

FO. p)g / G+pr=x>+@-y?
. =Y

¥+ 2py + p* = x4 p? = 2py + y?
X

GO DIGITAL

< L 4py = x2
o)
Y N
Y= 4

The focus and directrix each lie |p| units from the vertex. Parabolas can also open left

or right, in which case the equation has the form x = —y? when the vertex is (0, 0).

) KEY IDEA

% Standard Equations of a Parabola with Vertex at the Origin
Math Practice Vertical axis of symmetry (x = 0)
Look for Structure Equation: y = -2 Mocus: directrix:
. 4p 0(0 ) y P _
How does changing the Focus: 0 P vertox (00)
value of p affect the graph ?Cus‘ ' ©.p) vertex: (0, 0) X —>
=1y Directrix: y = —p < directrix. ¢ focus:
ofy 4px ? yarec ; 10, p) :
p>0 p<0
Horizontal axis of symmetry (y = 0)
. 1
Equation: x = —y?
a ap” directrix:
Focus:  (p, 0) X==-p
B —— _
Directrix: x = —p di . vertex: x
irectrix: (0, 0)
X=-p ’
\
p<0
-

N8 Graphing an Equation of a Parabola

Identify the focus, directrix, and axis of symmetry of —4x = y2. Graph the equation.

SOLUTION
Step 1 Rewrite the equation in standard form.
—4x = y? Write the original equation.
x = —iyz Divide each side by —4.
b A Step 2 Identify the focus, directrix, and axis of symmetry. The y X
\- L
<x=1) equation has the form x = 4iy2, where p = —1. The focus 0 0
[ P
cro X is (p, 0), or (—1, 0). The directrix is x = —p, or x = 1. +1 1 =025
2 2 2 x Because y is squared, the axis of symmetry is the x-axis. +2 -1
Step 3 Use a table of values to graph the equation. Notice that +3 | —2.25
-l it is easier to substitute y-values and solve for x. Opposite
T4 . +4 —4
A Yy y-values result in the same x-value.
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Writing Equations of Parabolas

DNV IR Writing an Equation of a Parabola

GO DIGITAL

e Write an equation of the parabola shown.
_directrix g SOLUTION
< vertex | Because the vertex is at the origin and the axis of symmetry is vertical, the equation
-4 _~1 ~._4x 1
yd 1 N has the form y = 4—x2. The directrix is y = —p = 3, so p = —3. Substitute —3 for p
Y 4

to write an equation of the parabola.

I R SR B
T 12"

P> So, an equation of the parabola is y = —%xz.

y

SELF-ASSESSMENT 1 !donotunderstand. | 2 Icandoitwithhelp. 3 Icandoitonmyown. | 4 Ican teachsomeone else.

Identify the focus, directrix, and axis of symmetry of the parabola. Graph the equation.
3. y=0.5x2 4. —y=x? 5. y2=10x
Write an equation of the parabola with vertex (0, 0) and the given directrix or focus.
6. directrix: x = —3 7. focus: (—=2,0) 8. focus: (0, %)
9. [ REASONING Which parabolas in Examples 2 and 3 are functions? Explain.

The vertex of a parabola is not always at the origin. As in previous transformations,
adding a value to the input or output translates the graph.

) KEY IDEA

% Standard Equations of a Parabola with Vertex at (h, k)
Vertical axis of symmetry (x = h)
ion: L. _ x=h x=h
Equation: I (x—hy®+k yA A(h, k + p) B LAY x
F : h, k + < >
ocus (h, P) / y=k-p \
Directrix: y=k—p ¢ / ]
y=k=p[ Ttk _ (h,k/ \
= YY X (hk+p) Y Y
p>0 p<0
Horizontal axis of symmetry (y = k)
s _ 1 V) x=h-p
Equation: x = E(y k? +h A / . k)l AY
Focus: (h+p,k) < / > (h + p, k) l y=k
% o A !
Directrix: x=h — < . - ~ >
P y=k ]A (h + p, k) ‘/] >
y vih k) x=h-p "V
p>0 p<O0
-
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vertex focu

A

Y

Diagram 1

Focus

Diagram 2

Writing an Equation of a
EXAMPLE 4 Translated Parabola WATCH

Write an equation of the parabola shown.

GO DIGITAL

SOLUTION
Because the vertex is not at the origin and the axis of symmetry is horizontal, the
equation has the form x = ﬁ(y — k)2 + h. The vertex (h, k) is (6, 2) and the focus

(h + p, k)is (10, 2), so h = 6, k = 2, and p = 4. Substitute these values to write an
equation of the parabola.

N PNPAC PN IR
X 4(4)()/ 2?2+ 6 16(y 2>+ 6

P> So, an equation of the parabola is x = % —2)2 +6.

Solving Real-Life Problems

Parabolic reflectors have cross sections that are parabolas to reflect sound, light, or
other energy. Waves that hit a parabolic reflector parallel to the axis of symmetry are
directed to the focus (Diagram 1). Similarly, waves that come from the focus and then
hit the parabolic reflector are directed parallel to the axis of symmetry (Diagram 2).

STVLTER Modeling Real Life

An electricity-generating dish uses a parabolic y
reflector to concentrate sunlight onto a high-frequency engineT _______
engine located at the focus of the reflector. The T
sunlight heats helium to 650°C to power the engine. ‘

. . - - 45m
Write an equation that represents the cross section of P /
the dish shown with its vertex at (0, 0). What is the < : _ : >
depth of the dish? | Y X
I 85m I
SOLUTION

Because the vertex is at the origin, and the axis of symmetry is vertical, the equation
has the form y = 4ix2. The engine is at the focus, which is 4.5 meters above the
P
vertex. So, p = 4.5. Substitute 4.5 for p to write the equation.
S SRR S
445" 18"

The depth of the dish is the y-value at the dish’s outside edge. The dish extends

% = 4.25 meters to either side of the vertex (0, 0), so find y when x = 4.25.

y

1
=_— (4252 =1
y 18( )

P> The depth of the dish is about 1 meter.

SELF-ASSESSMENT 1 !donotunderstand. | 2 Icandoitwithhelp. 3 Icandoitonmyown. 4 Ican teachsomeone else.

10. Write an equation of a parabola with vertex (—1, 4) and focus (—1, 2).

11. A parabolic microwave antenna is 16 feet in diameter. Write an equation that
represents the cross section of the antenna with its vertex at (0, 0) and its focus 10
feet to the right of the vertex. What is the depth of the antenna?
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2.3 Practice wm CalcChHat® awo CalcView °

GO DIGITAL

In Exercises 1-8, write an equation of the parabola.
O Example 1

1. \y \Y D(X, 4)
19. ANALYZING EQUATIONS The cross section (with

2. A
< .> Px.y)
N x
< units in inches) of a parabolic satellite dish can be

[—' _ <€
Y D(x, —1) / P(:E)‘ modeled by the equation y = %xz. How far is the

xY

focus from the vertex of the cross section? Explain.

F(0, —4)
v 20. ANALYZING EQUATIONS The cross section (with
3. focus: (0, —2) 4. directrix: y =7 units in inches) of a parabolic spotlight can be

modeled by the equation x = %yz. How far is the

directrix: y = 2 focus: (0, =7) focus from the vertex of the cross section? Explain.
B vertex: (0,0) 6. vertex: (0,0) In Exercises 21-24, write an equation of the parabola.
directrix: y = —6 focus: (0, 5) O Example 3
7. vertex: (0, 0) 8. vertex: (0,0) 21. Ay 22, 11\)’\ | ]
. : ey — 8 _ directrix|_
focus: (0, —10) directrix: y = —9 < >
4 ?-5
In Exercises 9-16, identify the focus, directrix, and axis N T | lvertex _
of symmetry of the parabola. Graph the equation. =8 |-4 | |vertex 8x :1,,/ ~J x
O Example 2 4 K -0.5 N
|
— 102 —_1lo B directrix \
9. y=g 10. y X EEE | 1
1 I
1. x= —55)2 12. x = )2
) ) 23 RVY | | 24 A Ay
(ED 2= 16x 14. —x> =48y \\ /
15. 6x2+3y =0 16. 82—y =0 | %Svertex _ _ vertex
05[05 15 x -4 x
\ directrix| |,
ERROR ANALYSIS In Exercises 17 and 18, describe and /| | directrix 1“1\
correct the error in graphing the equation. , / }_4
Y y Y
17. —6x+3y2=0
N &Ay\ 14 In Exercises 25-32, writ tion of th bol
(0.1.5) n Exercises 25-32, write an equation of the parabola
), with the given characteristics.
\\ A // 5
B N x 25. focus: (—=7,0) 26. focus: (5, O)
< ARE L1,5 > directrix: x =7 directrix: x = —3
Ly [ ]
27. directrix: x = —10 28. directrix: y = %
18. 052 +x=0 vertex: (0, 0) vertex: (0, 0)
Y
X x=-0.5 R } 29. focus: (0, —g) 30. focus: (O, %)
10,5, 0) directrix: y = % directrix: y = —%
24 -2 L] 2 | 4%
D 31. focus: (0, g) 32. focus: (—g, 0)
} vertex: (0, 0) vertex: (0, 0)
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In Exercises 33—-36, write an equation of the parabola.
Q Example 4

33. Ay 34, N
N /
vertex 2
PIEFRN S vertex] focus
< hd >
~10focus x < ‘ I
~al 2 6 x
/ \k
¥ Y Y
35, A 36. || || I%%
3 —— >
focus —10 -6 —2 [x
5 vertex 49.
o T - A
vertex o
< \ > focus |
-1 Y 1% | ] LY

In Exercises 37-40, write an equation of the parabola
with the given characteristics.

37. directrix: y = 12 38. directrix: x =4 50
vertex: (2, 3) vertex: (=7, —5) ’
39. focus: (%, —1) 40. focus: (—3, %)
directrix: x = % directrix: y = —%

In Exercises 41-46, identify the vertex, focus, directrix,
and axis of symmetry of the parabola. Describe the
transformations of the graph of the standard equation
with p = 1 and vertex (0, 0).

M. y=1x—32+2 42 y=—(x+22+1 51.

43. x=1(y—-32+1 44 y=(x+32-5

45. x=-3(y+42+2 46. x=4@u+5>*—1
52.

47. MODELING REAL LIFE Scientists studying dolphin
echolocation simulate a bottlenose dolphin’s clicking
sounds using computer models. The sounds originate
at the focus of a parabolic reflector. The parabola
represents the cross section of the reflector with focal
length of 1.3 inches and aperture width of 8 inches.
Write an equation of the parabola. What is the depth

of the reflector? 3 Example 5

AY

aperture
53.

A

<Y

e

Y
—o
focal length

48.

MODELING REAL LIFE Solar energy can
be concentrated using a long trough that

GO DIGITAL
has a parabolic cross section, as shown
in the figure. Write an
equation that represents —58m—1
the cross section of the /
trough with its vertex

at (0, 0). What are the
domain and range in
this situation? What
do they represent?

COLLEGE PREP Which of the given characteristics
describe parabolas that open down? Select all that

apply.
(A focus: (0, —6)
directrix: y = 6

(© focus: (0, 6)

directrix: y = —6

focus: (0, —2)

directrix: y =2

(D focus: (0, —1)

directrix: y =1

COLLEGE PREP Which
of the following are
possible coordinates
of the point P in the
graph shown? Select
all that apply.

@B (—6, 1) (3, 1)
@ (L) ®® -1

ABSTRACT REASONING As |p| increases, how does
the width of the graph of the equation y = ix2

® (2. %)

4p
change? Explain your reasoning.
HOW DO YOU SEE IT?
The graph shows the path of LY oA
a volleyball served from an
initial height of 6 feet as it
travels over a net. B
a. Label the vertex, focus, and j ‘_\
a point on the directrix. b=

b. An underhand serve follows

y oC

the same parabolic path but is
hit from a height of 3 feet. How
does this affect the focus? the directrix?

CRITICAL THINKING y
The distance from point P
to the directrix is 2 units.
Write an equation of

P(=2,1)
the parabola.

V(0, 0) x
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54. THOUGHT PROVOKING 56. DIGDBIEIZT The latus
Two parabolas have the same focus (a, b). The rectum of a parabola is GO DIGITAL

distance from the vertex to the focus of each the line segment that is latus AV

parabola is 2 ur}its. WriFe an F:quation of each parallel to the directrix, h rectum |F(0, 2) “
parabola. Identify the directrix of each parabola. passes through the focus,
and has endpoints that lie

55. (Y3 REPEATED REASONING Derive the equation of on the parabola. Find the

a parabola that opens to the right with vertex (0, 0), length of the latus rectum
. o of the parabola shown. Y
focus (p, 0), and directrix x = —p.

v(,0) X

>

57. PERFORMANCE TASK You

X=—p v can make a solar hot dog
cooker by shaping
F(p, 0) foil-lined poster /
< p—> board into a trough :

\/ that has a parabolic . %

cross section and
D(=p. y) - _P\(x;y) passing a wire through
Y each end piece. Design and construct your own

hot dog cooker. Explain your process.

>
REVIEW & REFRESH

In Exercises 58 and 59, write an equation of the line 65. [ REASONING A quadratic function has a
that passes through the given points. minimum value at x = —3. When is the function
58. (1, —4), (2, —1) 59. (-3, 12), (0, 6) increasing? decreasing?

66. Determine whether the table represents a linear or

In Exercises 60 and 61, graph the inequality in a
nonlinear function. Explain.

coordinate plane.

60. y<-—25 61. y>%x+2 x| —1 1 3 5 7

62. The graph of square root function g is shown. y| 6 3 -2 9|18

Compare the average rate of change of g to the

67. Let the graph of g be a translation 2 units up,
followed by a reflection in the x-axis and a vertical
stretch by a factor of 6 of the graph of f(x) = x2.

average rate of change of h(x) = @%x over the
interval x = 0 to x = 3.

Ay gl Write a rule for g and identify the vertex.
| 4 //7
—
In Exercises 68-71, solve the equation.
-2 ,/ 3
/ 68. n=-15 69. —2h+17=12
< 2 4 6 x

70. 32x—4)=3x+9

y [ [ [ [ ]]

_ 1
63. Write an equation of a parabola with vertex 1. 42 —w) = —5(8w + 4)

(=2, —6) and focus (=2, —1).
72. MODELING REAL LIFE You make a total of
64. Use technology to find an equation of the line of 11 one-point free throws, two-point shots, and
best fit for the data. three-point shots in a basketball game and score a
total of 22 points. You make two more two-point
shots than three-point shots. How many of each
x| 0 3 6 7 11 type of shot do you make?

73. Identify the focus, directrix, and axis of symmetry
of —3x = y2. Graph the equation.
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