Proving Geometric Relationships G

GO DIGITAL

Learning Target Prove geometric relationships.

Success Criteria * | can prove geometric relationships by writing flowchart proofs.
e | can prove geometric relationships by writing paragraph proofs.

EXPLORE IT! | Completing Flowchart Proofs

Work with a partner.

a. Complete the flowchart to prove that AB = BC.

Given AC = AB + AB ° ° °
A B C
Prove AB = BC

AC = AB + AB
Math Practice AB + BC = AC [AB + BC = AB + AB}—» AB = BC

Recognize Usefulness

of Tools

Wh.y is it helpful to _SlfetCh b. Complete the flowchart to prove that JM L IN.
a diagram when writing

certain proofs? Given ZJKL = ZMKL

Prove JT/[ il (L_Z)V

[LJKL = /MKL j

|

[mé JKL = mZ MKLJ

l

[mLJKL + mLMKL = 180"}——» [mZJKL + mZJKL = 180°j—> [Z(mAJKL) = 180°
mZJKL = 90°
c. How can you use a flowchart to prove
a mathematical statement?
d. Compare the flowchart proofs above with — e
the proofs in the 2.5 Explore It! Explain IM L LN

the advantages and disadvantages of each.
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Vocabulary VOCAB
flowchart proof, or

flow proof, p. 102
paragraph proof, p. 104

STUDY TIP

When you prove a
theorem, write the
hypothesis of the theorem
as the Given statement.
The conclusion is what
you must Prove.

Writing Flowchart Proofs

Another proof format is a flowchart proof, or flow proof, which uses
boxes and arrows to show the flow of a logical argument. Each reason is
below the statement it justifies. A flowchart proof of the Right Angles
Congruence Theorem is shown in Example 1.

THEOREM
2.3 Right Angles Congruence Theorem

All right angles are congruent.

GO DIGITAL

¢\ |JEM Proving the Right Angles Congruence Theorem

Use the given flowchart proof to write a two-column proof of
the Right Angles Congruence Theorem.

Given /1 and £2 are right angles.
Prove /1= /2 | \<2>/
1

Flowchart Proof

[41 and £2 are right angles. ]

i Given

Definition of right angle Transitive Property Definition of
of Equality congruent angles

Two-Column Proof
STATEMENTS REASONS

1. ZI1 and £2 are right angles. 1. Given

2. mZ1 =90°, m£2 = 90° 2. Definition of right angle
3. mZLl = mL2 3. Transitive Property of Equality
4. /1= /2 4. Definition of congruent angles

SELF-ASSESSMENT 1 !donotunderstand. | 2 Icandoitwithhelp. | 3 Icandoitonmyown. 4 Ican teachsomeone else.

1. Complete the flowchart proof. Then write a two-column proof.

Given AB L BC,DC 1 BC
Prove /B= /C

c D
1

o— [

A B

AB 1L BC,DC 1 BC

| () - (amz

Given

Definition of L lines
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STUDY TIP

To prove the Congruent
Supplements Theorem, you
must prove two cases: one
with angles supplementary
to the same angle and one
with angles supplementary
to congruent angles. The
proof of the Congruent
Complements Theorem also
requires two cases.

THEOREMS o

EXAMPLE 2

EILHE
*i'%‘h

GO DIGITAL

2.4 Congruent Supplements Theorem

If two angles are supplementary to the same angle
(or to congruent angles), then they are congruent.

If Z1 and £2 are supplementary and £3 and £2 E RN

are supplementary, then £1 = /3. 3

N

Prove this Theorem Exercise 19 (case 1), page 108; Exercise 24 (case 2), page 110

Prove this Theorem Exercise 20 (case 2), page 109

2.5 Congruent Complements Theorem

If two angles are complementary to the same
angle (or to congruent angles), then they
are congruent.

If £4 and £S5 are complementary and £6
and £5 are complementary, then £4 = £6.

Proving a Case of the Congruent
Supplements Theorem

Use the given two-column proof to write a flowchart proof that proves that two angles
supplementary to the same angle are congruent.

Given

Prove /1= ./3

Z1 and £2 are supplementary.
£3 and £2 are supplementary.

N7

Two-Column Proof

STATEMENTS

REASONS

1.

. mZLl + mZ£2 = 180°,

Z1 and £2 are supplementary. 1. Given

Z3 and £2 are supplementary.

2. Definition of supplementary angles
mZ3 + ms2 = 180°

3. mLl + m£L2 = mL3 + mZL2 3. Transitive Property of Equality
4. mLl = mL3 4. Subtraction Property of Equality
5. L1 =/3 5. Definition of congruent angles
Flowchart Proof

[41 and £2 are supplementary.]—»[mél + ms2 = 180°J—>|:m41 +ms2 =m”3 + mLZJ

Definition of i Transitive Property of Equality

supplementary angles

Given

[43 and /2 are supplementary.}—»{m43 +mZ2 = 180°

Subtraction Property of Equality

Ll = /3

Definition of congruent angles

Definition of
supplementary angles

Given
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STUDY TIP

In paragraph proofs,
transitional words such

as so, then, and therefore
help make the logic clear.

STUDY TIP

Your proof can use
information that is
labeled in a diagram.

Writing Paragraph Proofs

Another proof format is a paragraph proof, which presents the statements
and reasons of a proof as sentences in a paragraph. It uses words to explain
the logical flow of the argument.

Two intersecting lines form pairs of vertical angles and linear pairs. The Linear Pair
Postulate formally states the relationship between angles that form linear pairs. You
can use this postulate to prove the Vertical Angles Congruence Theorem.

POSTULATE AND THEOREM

2.8 Linear Pair Postulate

If two angles form a linear pair, then they are supplementary.

Z1 and £2 form a linear pair, so £1 and £2
are supplementary and m£1 + m£2 = 180°.

2.6 Vertical Angles Congruence Theorem

Vertical angles are congruent.

Iy N

Ll =13, 02=/4
.

SOV IR Proving the Vertical Angles
Congruence Theorem WATCH

Use the given paragraph proof to write
a two-column proof of the Vertical Angles
Congruence Theorem.

Given /5 and /7 are vertical angles.

Prove /5= /7 -~ >/6

Paragraph Proof

/5 and /7 are vertical angles formed by intersecting lines. As shown in the diagram,
Z5 and £6 are a linear pair, and £6 and £7 are a linear pair. Then, by the Linear Pair
Postulate, £5 and £6 are supplementary and £6 and £7 are supplementary. So, by the
Congruent Supplements Theorem, £5 = /7.

Two-Column Proof
STATEMENTS REASONS

1. 45 and Z7 are vertical angles. 1. Given

2. /5 and Z£6 are a linear pair. 2. Definition of linear pair,
Z6 and £7 are a linear pair. as shown in the diagram

3. 45 and Z£6 are supplementary. 3. Linear Pair Postulate
£6 and L7 are supplementary.

4. /5= /T 4. Congruent Supplements Theorem
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Find the value of x.

SOLUTION

ZTPS and ZQPR are vertical angles.
By the Vertical Angles Congruence Theorem,
the angles are congruent. Use this fact to
write and solve an equation.

mZTPS = mZQPR Definition of congruent angles
148° = 3x + 1)° Substitute angle measures.
147 = 3x Subtract 1 from each side.
49 = x Divide each side by 3.

P So, the value of x is 49.

SELF-ASSESSMENT 1 !donotunderstand. | 2 Icandoitwithhelp. | '3 Icandoitonmyown. 4 I canteachsomeone else.

2. Complete the two-column proof. Then write a flowchart proof.

Given AB = DE, BC = CD

ne

A B

Prove AC =CE

STATEMENTS REASONS

1. AB= DE, BC = CD 1. Given

2. AB+ BC =BC+ DE 2. Addition Property of Equality

3 3. Substitution Property of Equality
4. AB+ BC =AC,CD + DE = CE | 4.

5 5. Substitution Property of Equality
6. AC=CE 6.

Write a two-column proof of the Vertical Angle Congruence Theorem without using
the Congruent Supplements Theorem. Compare your proof with the proof in Example 3.

Use the diagram and the given angle measure

to find the other three angle measures.
4.
5.
6.

msl = 117° e
mZ2 = 59°
mZ4 = 88°
Find the value of w. 8. Find the values of @ and b.
(5w + 3)°
98° (10a — 12)°
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YN TITER Using the Vertical Angles 1%
Congruence Theorem WATCH
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Write a paragraph proof.
Given /1 = /4
Prove /2= /3

Paragraph Proof

Z1 and Z4 are congruent. By the

Vertical Angles Congruence Theorem,

Z1 = /2 and £3 = /4. By the Transitive
Property of Angle Congruence, £2 = /4.
Using the Transitive Property of Angle
Congruence once more, £2 = /3.

SELF-ASSESSMENT 1 !donotunderstand. | 2 Icandoitwithhelp. ' '3 Icandoitonmyown. 4 Ican teachsomeone else.

9. Write a paragraph proof.
Given /1 is aright angle.
Prove /2 is aright angle. 2

CONCEPT SUMMARY

Types of Proofs for the Symmetric Property of Angle Congruence
Given /1= /2
Prove /2= /1

1 2
Two-Column Proof
STATEMENTS REASONS
1. Ll =22 1. Given
2. mZl = mZL2 2. Definition of congruent angles
3. m£L2 = m/l 3. Symmetric Property of Equality
4. /2= /1 4. Definition of congruent angles
FlowchartProof (1= o} > (mst=me2 > (mz2=ma1 > 22= 21
Given Definition of Symmetric Property  Definition of
congruent angles of Equality congruent angles

Paragraph Proof

Z1 is congruent to £2. By the definition of congruent angles, the measure of Z1 is
equal to the measure of £2. The measure of £2 is equal to the measure of Z1 by the
Symmetric Property of Equality. Then by the definition of congruent angles, £2 is
congruent to £1.

N
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angles in the figures. Explain how you know they

In Exercises 1-4, identify the pair(s) of congruent 11. \ 12.
are congruent. _ A \(7y -12)

6y + 8)°\(6x — 26)°

13. ERROR ANALYSIS Describe and correct the error in
using the diagram to find the value of x.

(13x + 45)°
(12x — 40)°

X (13x + 45)° + (19x + 3)° = 180°
32x+ 48 = 180
32x=132

x=4.125

4. /ABC is supplementary to ZCBD.

ZCBD is supplementary to ZDEF. 14. COLLEGE PREP Which statements can you conclude
from the diagram? Select all that apply.

o .

A B E D
¢ % X
V4
In Exercises 5-8, use the diagram and the given T Y
angle measure to find the other three measures.
B st = 143 B ZVZIT = £XZY LVIT = LVIW
© 4VZIX = LTZY (D 4LVZIW = £XZY
6. ms3 =159°
. MAKING AN ARGUMENT Your
7. m£2 =34 friend claims that Z1 = £4 because v
. they are vertical angles. Is your 23
8. mZ4 =129 friend correct? Support your answer A

with definitions or theorems.

VI3 STRUCTURE Find the measure of each angle in

In Exercises 9-12, find the value of each variable. the diagram.

Q Example 4

(9. ] 10.

16y°

18y — 18)‘\
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PROOF Complete the flowchart proof. Then write a two-column proof.

3 Example 1
Given /1= /3 x
Prove /2= /4 Y
3 5

(a=0 > a=ns=04 > 2=0 > 22=24]

Given Vertical Angles
Congruence Theorem

18. PROOF Complete the two-column proof. Then write a flowchart proof.
Q Example 2

Given ZABD is aright angle.
ZCBE is aright angle.

Prove ZABC = Z/DBE

STATEMENTS REASONS

1. ZABD is aright angle. 1.
ZCBE is aright angle.

2. ZABC and ZCBD are complementary. | 2. Definition of complementary angles
3. ZDBE and ZCBD are complementary. | 3.

4. /ABC = ZDBE 4,

m PROVING A THEOREM Complete the paragraph proof for the
Congruent Complements Theorem. Then write a two-column
proof. [3 Example 3

Given /1 and £2 are complementary.
Z1 and £3 are complementary.

Prove /2= /3 1 :2

Z1 and £2 are complementary, and £1 and £3 are complementary. By the definition
of angles, mZ1 + m£2 = 90° and = 90°. By the
, mZ1 + m£2 = mZ1l + mZ3. By the Subtraction

Property of Equality, . So, £2 = /3 by the definition of
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20.

21.

22.

PROVING A THEOREM Complete the two-column proof for the Congruent Supplements
Theorem. Then write a paragraph proof. [3 Example 5

Given /1 and £2 are supplementary.
/3 and £4 are supplementary.
sl=24 N\\2 3/ /4

Prove /2= /3

GO DIGITAL

STATEMENTS REASONS
1. Z1 and Z£2 are supplementary. 1. Given

/3 and /4 are supplementary.

Ll = /4
2. mZ1 + ms2 = 180°, 2.

m£3 + mz4 = 180°
3. =mZ3 + ms4 3. Transitive Property of Equality
4. mZl = mz4 4. Definition of congruent angles
5. mZl + mL2 = 5. Substitution Property of Equality
6. mZ2 =mZ3 6.
7. 7.

WRITING Explain why you do not use inductive reasoning when writing a proof.

HOW DO YOU SEE IT?
Consider the two-column proof. What is the writer trying to prove?

Given /1= /2
Z1 and £2 are supplementary.

Prove
STATEMENTS REASONS
1. L1=.2 1. Given
Zl and £2 are supplementary.
2. m/l = mz2 2. Definition of congruent angles
3. mZl + m/2 = 180° 3. Definition of supplementary angles
4. m/1 + mz1 = 180° 4. Substitution Property of Equality
5. 2(mZ1) = 180° 5. Simplify.
6. mZ1 = 90° 6. Division Property of Equality
7. mZ2 = 90° 7. Transitive Property of Equality
8. 8.
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PROOF In Exercises 23-26, write a proof using any 25. Given JK L JM,KL 1 ML,

format. L] = /M, /K= /L
23. Given ZQRS and ZPSR are supplementary. Prove JM | ML andJK | KL
Prove ZQRL = /PSR
J ] K
M N
M [ L
L R s K
26. Given LAEB = /DEC
Q P Prove /AEC = /DEB A
B
24. Given /1 and £3 are complementary.
£2 and Z4 are complementary. C
E L 4
Prove /1 = /4 D
4 27. CRITICAL THINKING Is the converse of the Linear Pair

Postulate true? If so, write a biconditional statement.
If not, explain why not.

2 28. THOUGHT PROVOKING
Draw three lines all intersecting at the same point.
Label two of the angle measures so that you can find
the remaining four angle measures. Explain how you
chose which angle measures to label.

REVIEW & REFRESH e

29. Complete the statement. Name the property you use. 34. Complete the square for x> — 14x. Then factor
- I the trinomial.
IfRS =TU and TU = VW, then =

35. Complete the two-column proof. Then write a

In Exercises 30-32, use the cube. B I C flowchart proof.
30. Name three collinear points. A : b Given /1= /2
I
I Prove /1 = /3
31. Write an example of the P 4 €]
Three Point Postulate. ’ o 1
E J H L

32. Name two pl_anes
containing BC.
STATEMENTS REASONS

1. Ll =22 1. Given

33. MODELING REAL LIFE The final velocity v, of an
object is given by the formula v, = v; + at, where
v; is the initial velocity, a is the acceleration, 2. /2= /3 2.
and ¢ is the time.

St 3. Transitive Property of Angle
a. Solve the formula for 7. Justify each step. Congruence
b. A car with an initial velocity of 14 meters per
second accelerates at a constant rate of In Exercises 3639, graph the function.
2.5 meters per second squared. How many
seconds does it take the car to reach a final 36. f(x) = —x*2—6 37. glx) =2x2—2x+3

velocity of 29 meters per second?
38. y=(@x+2)(x—4) 39. y=-3(x—1)?>+4
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